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2. The Position of Descriptive Geometry within the Realm of Mathematics. 
Concerning the position of descriptive geometry within the realm of mathe- 
matics, nothing that can be said will have more weight than the views of Professor 
Gino Loria of the University of Genoa.! According to this eminent geometer, 
mathematicians are not agreed as to the position of descriptive geometry within 
the entire domain of mathematical disciplines. Some (among which he does 
not count himself) incorporate it, following Fiedler’s example, with projective 
geometry. Others, without denying its inner relation with the theories of modern 
projective geometry, regard it as amongst the applied disciplines. The latter 
view can, no doubt, be approved if one thinks of it only as a means to the proper 
construction of drawings in architecture, technology, crystallography, etc. . But 
one is strongly inclined to abandon this view when he considers that the con- 
ceptions on which descriptive geometry rests and the methods which it continually 
applies are, on the whole, only such as are taught by the old Euclidean 
geometry and the modern projective geometry, and that throughout its entire 
domain the procedure is so very exact that it is comparable with analysis and 
algebra. In fact, descriptive geometry offers the most beautiful and instructive 
examples of a rigorous and complete development of several useful methods for 
the unambiguous representation of the whole of space upon a plane. We 
regard, therefore—inasmuch as we include in applied descriptive geometry the 
theory of illumination and shadows—the science with which we will now occupy 
ourselves as a province of the great realm of pure mathematics, though a region 
on the border thereof over which we may be transferred into the field of applied 
mathematics. 

3. The Purposes of Descriptive Geometry. From the preceding account of 
the evolution of descriptive geometry it appears that the principal objects which 
have been sought, and in the course of time attained, are: 

1. The representation of the objects of space by means of figures which lie in 
a plane. ‘ 

2. The solution of the problems of space by means of constructions which can 
be executed in the plane, 7. e., the transformation into plane constructions (like 
joining two points by a line, cutting a line by a line, and drawing a circle of given 
center and radius)? of the graphically impossible space operations (like passing a 
plane through a point and a line, cutting a line by a plane, cutting a plane by a 
plane, and describing a sphere of given center and radius).* 

The criterion of what shall be meant by a good plane representative of a 


1See preface to Vol. I, Loria, G., Voivesungen wiber Darstellende Geometrie (1907), B. G. 
Teubner, Leipzig. 

2 These plane operations are sometimes called the postulates of construction. 

3 These objects may be extended so as to include: (a) The representation of a surface upon a 
plane, and the corresponding transformation of operations on the surface to those of the plane. 
The stereographic projection of Hipparchus, which has already been mentioned, is an example of 
such a representation. However, the general problem of this type properly belongs to mathe- 
matical geography; (b) The representation of all, or part, of space within a portion thereof, 
and the corresponding transformation of operations. As an example of this, relief perspective 
has already been mentioned. 
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space object has, more or less unconsciously, been taken to be that the plane 
representative, when properly placed, shall produce upon the retinal surface of the 
eye the same image as that produced by the object itself. That it is possible to 
satisfy this criterion, at least approximately, results from the following physio- 
logical facts: 

1. All of the rays of light which emanate from a point P (Fig. 1) and pass 
through the pupil into the eye undergo several refractions and then unite again 
in a point P, of the retinal surface of the eye. The particular ray PP, passes 
through the eye practically unbroken. This ray may be taken as a substitute 
for the slim bundle of rays which come from P and pass through the pupil into 
the eye. Its direction is that in which the eye perceives the point P to lie. It is 
called the sight-line of P. 

2. The sight-lines from the various points P, Q, R, -:- of a body = all pass 
through a fixed point K of the eye. This point is called the optical center of the 
eye (see Fig. 2). Hence these sight-lines belong to'a bundle of lines of which 
the common point is K. The retinal image 2,, which is composed of the points 
Pn, Qn, Rn, «++, is thus seen to be the geometrical intersection of the retinal 
surface of the eye with those lines of this bundle which come from the points of 2. 

From these two facts there results the fundamental geometrical relation which 
every drawing >’ of a space object 2 must satisfy in order that it should produce 
upon the retinal surface of the eye the same image as that produced by the object 
itself. From fact 1 it follows that any light-emitting point P’ which lies on the 
sight-line of P has the same retinal image as P. In order therefore to set up a 
plane picture 2’ which shall produce the same retinal image as that which is 
produced by 2, it is sufficient to replace the points P--- of = by the points P’-- - 


Fig. 1. Fia. 2. Fie. 3. 


in which the sight-lines of the points P--- pierce the picture plane (see Fig. 3). 
Since by fact 2 all of the sight-lines which come from the points of the space 
object 2 belong to a bundle of lines of common point K (optical center of the eye), 


1 In relief perspective the criterion of good representation is that a straight line of the space 
to be represented shall go over into a straight line of the representing space. 

2 The remainder of this paragraph, including statements 1 and 2, has been taken, with some 
modifications, from A. Schoenflies, Hinfihrung in die Hauptgesetze der Zeichnerischen Darstellungs- 
methoden (1908), B. G. Teubner, Leipzig. 
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it follows that the representative 2’ in the picture plane is simply the intersection 
of this plane with those lines of the bundle K which come from the points of 2. 
In other words, a plane representative (7. ¢., a picture) of a space object which will, 
when properly placed, produce the same retinal image as the object itself produces, 
must be a central projection of that object. Even when such a picture is not 
properly placed with respect to the eye, or when such a picture is replaced by 
one which is obtained by parallel instead of by converging rays (whether these 
rays be perpendicular or oblique to the picture plane), the eye, because of its 
power of accommodation, recognizes therein the object represented. Thus we 
are led to the conclusion that a central or parallel (orthographic or oblique) projec- 
tion of a space object is a good plane representative of that object. These types of 
projection form the basis of nearly all of the methods of representation which 
are used in descriptive geometry. 

In order to attain the second object of descriptive geometry, 7. e., to solve by 
constructions in a plane the geometric problems of space, it is essential that there 
shall exist an unambiguous correspondence between the elements of space (points, 
lines, planes, etc.) and the plane representatives of these elements. By this it is 
meant that it must not only be possible to pass without ambiguity from a space 
element to its plane representative, but that it must also be possible to pass back 
again without ambiguity from the plane representative to the space element. 
It is evident (see Figs. 4, 5, 6) that a single projection does not satisfy these 


Fia. 4. Fia. 5. Fia. 6. 


requirements. For, while to each point P of space there corresponds but one 
point P’ of the picture plane a, it is not possible to pass back again without 
ambiguity from P’ to P, because any point whatever of the projecting ray of 
P could be taken as corresponding to P’. In fact, the very criterion which has 
been given for the good plane representation of space objects involves the am- 
biguity that a general point P’ (Fig. 3) of the plane representative may be the 
picture of any point whatever of its sight-line KP’. Now, in so far as the solu- 
tion of space problems is concerned, a method of representation which has the 
property of unambiguous correspondence will suffice, even if it does not satisfy the 
criterion of good representation which has been given. On the other hand we have 
already seen that the different types of projection satisfy the criterion of good 


1 By a central projection, from a point C, of the points P of space upon a plane a, is meant 
those points P’ in which the lines CP pierce the plane a (see Fig. 4). If the projecting lines instead 
of emanating from a point C are parallel to a straight line r, the projection is said to be parallel 
instead of central. If the line r is not perpendicular to a, the parallel projection is called oblique 
(see Fig. 5); while if r is perpendicular to a, the projection is called orthographic (see Fig. 6). 
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representation. But more than one projection is needed in a method of repre- 
sentation which shall have the property of unambiguous correspondence.! That 
which is used in addition to one projection may be another projection or it may 
be something else. 

4. The Methods of Descriptive Geometry Exemplified. In the Mongean 
Method of Double Orthographic Projection a point P is projected orthographically 
upon each of two perpendicular planes. These planes, which are generally 
supposed to be horizontal and vertical and are therefore called respectively the 
horizontal plane 7 and the vertical plane m, intersect in a straight line which is 
called the ground line g (see Fig. 7). The orthographic projections of P upon 
a, and 7 are denoted by ’P and P” respectively. In order to avoid the incon- 
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venience of two planes, the plane 7 is rotated around the ground line into co- 
incidence with 72, so that ‘P then assumes in 72 the position P’. The plane m, 
with which the revolved position of 7; now coincides, is called the drawing plane 
(see Fig. 8). Thus we see that to the point P of space there correspond in the 
drawing plane the two points P’ and P” which lie on the same perpendicular to 
the ground line, and, conversely, to such a pair of points in the drawing plane there 
corresponds but one point in space. Hence this method of representation pos- 
sesses the property of unambiguous correspondence. Similarly, to a line p of 
space there corresponds a pair of lines p’ and p” in the drawing plane, and, con- 
versely, to any pair of lines in the drawing plane there corresponds (in general) 
but one line in space. Instead of being determined by its projections p’ and p”’, 
a line p may also be given by its traces P; and Pe, that is, by the points in which 
it pierces 7 and 72, respectively. A plane of space is represented by its traces 
and hence we can say that to a plane p of space there corresponds in the drawing 
plane a pair of lines m, and m, which intersect on the ground line, and, con- 
versely, to such a pair of lines of the drawing plane there corresponds but one 
plane of space.? 

From what has been said it is evident that (1) the condition that a point be 
on a line is that the projections of the point lie on the corresponding projections 
of the line; (2) the condition that a line lie in a plane is that the traces of the 


1 One is here reminded of the fact that binocular vision makes possible the perception of three- 
dimensional space. 

2 While ’P and P” are the projections of the point P, the pair of points (P’, P’’) is the repre- 
sentative of P in the drawing plane. However, it is customary to speak of P’, P’”’ as the projec- 
tions of P. Similar remarks apply to the projection of a line and to the traces of a line and of a 
plane. 
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line lie in the corresponding traces of the plane. It can also easily be shown that 
(3) the condition that a line and a plane be perpendicular to each other is that 
the projections of the line be perpendicular to the corresponding traces of the 
plane. 

The last condition makes possible the solution of perpendicularity problems. 
To solve the metrical problems use is made of a process called rebatting. This 
consists in revolving a plane figure around the horizontal or vertical trace of its 
plane until it coincides with the picture plane. In Fig. 9 are given the solutions 
by the Mongean method of each of the three problems: 

Problem I. To find the line of intersection x = (z’, x’’) of the two planes 
= [m, m], v = [m, ne]. 

Problem II. To find the line y = (y’, y’’) which passes through the point 
A = (A’, A”) and is perpendicular to the plane » = [m, m]. 

Problem III. To find the length of that portion of the line p = (p’, p’’) 
which is contained between its traces P; and P». 

The solution of Problem I depends upon condition 2 and the fact that line x 
lies in both of the given planes. The solution of Problem II depends upon condi- 
tions 1 and 3. To solve Problem III the right triangle P,P’ ,;P (Fig. 7) is 
revolved around p’ into coincidence with 7. Hence in Fig. 9 the segment 
P,/(P:2) is drawn through P2’ perpendicular to p’ and equal to P,’P,. Thus we 
have solved by constructions in a plane three problems of space. Of these, I 
is a problem of geometry of position, II is a perpendicularity problem, and IIT 
is a metrical problem.! 


1 The problems of space which involve the point, line, and plane have been divided into three 
groups (see Loria, Vorlesungen, etc., already cited): (A) Problems of Geometry of Position, 
(B) Perpendicularity Problems, (C) Metrical Problems. In each of these groups there is an 
indefinitely great number of problems, but they may all be solved when a few problems, called 
the fundamental problems of the group, can be solved. 

The fundamental problems of group A may be taken to be: 

I. To find the line connecting two points. II. To find the line of intersection of two planes. 
III. To find the plane through a point and IV. To find the point common to a plane and 

a line. a line. 

In I one of the points may lie at infinity, and in III either the point or the line may lie at infinity 
For these special positions the problems become respectively: Ia. Through a point pass a line 
parallel to another line; IIIa. Through a line pass a plane parallel to another line; IIIb. Through 
a point pass a plane parallel to another plane. The problem: “Through a point A to pass a line. 
zx intersecting the lines b and c” may be solved in either of the following ways: (1) Find the inter- 
section x of the plane of A and b by the plane of A andc. (2) Find the point X where b pierces 
the plane of A and c¢, and then z is the line connecting A and X. Similarly every problem of 
geometry of position can be solved by a few applications of one or more of the fundamental 
problems. 

The fundamental problems of group B may be taken to be: 

I. Through a point pass a line perpendicular to a plane. 
II. Through a point pass a plane perpendicular to a line. 
III. Through a point pass a line perpendicular to and touching a line. 
IV. Through a line pass a plane perpendicular to a plane. 
VY. Find the common perpendicular to two non-intersecting lines. 

The fundamental problems of group C may be taken to be: 

I. To determine the length of the segment connecting two points, 
II. To determine the magnitude of the angle formed by two lines. 
III. To determine the magnitude of the angle formed by two planes. 
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This brief account of the Mongean method is sufficient to show its value as 
a means of solving graphically (with the instruments of the geometer) the 
problems of space. As to its value in the production of pictures, let it first be 
observed that most of the objects of architecture and technology contain, among 
their bounding surfaces, planes which are mutually perpendicular and which 
intersect in edges of the object. It is on these planes, or on planes parallel to 
these, that the objects are generally projected (orthographically) in order to 
obtain their Mongean representatives (t. ¢., their pictures). Thus certain planes 
(namely those perpendicular to both of the planes of projection) are shown 
merely by lines, and therefore the Mongean pictures of such objects fail to convey 
a satisfactory notion of the space forms of such objects. This point is well illus- 
trated by Figs. 10 and 11, which are the plan and elevation, respectively, and 
together form the Mongean representative of a bracket-shaped object. On the 
other hand, Fig. 12 is a projection (also orthographic) of the same object on a 
plane which is not parallel to one of the mutually perpendicular planes of the 
object. Evidently Fig. 12 conveys to the mind a much better notion of the 


Fia. 10. 


Fie. 11. Fig. 12. 


space form of the object which it represents than do Figs. 10 and 11, from which, 
however, the dimensions of the object may easily be taken. It is thus evident 
why an architect will give the plans and elevations of a building to his contractor 
whereas he will show to his client a picture of the type of Fig. 12. 
Notwithstanding the fact that Fig. 12 is not a true perspective (2. ¢., a central 
projection) it produces a retinal image which does not differ much from that 
produced by the object itself. Such pictures, as well as true perspectives and 
oblique projections, can be constructed from their plans and elevations by well- 
known processes of the Mongean method. However, a quicker and more satis- 
factory method for their production is contained in the so-called Axonometric 
Method, about which something will now be said. Inasmuch as the axonometric 
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method furnishes but a single picture, one naturally asks whether this method— 
which is capable of producing such good pictures—can also be used to solve 
graphically the problems of space. The answer to this question is that this 
method can so be used. In order to see this let us think of the various points of 
an object to be represented as referred to a system of three mutually perpendicular 
axes Ox, Oy, Oz (which, if the body is of the type already mentioned, may be 
three of its edges). Let a general point be denoted by P, its projections (ortho- 
graphic) on the planes yOz, zOx, eOy by P’, P’’, P’”’, respectively, and its projec- 
tions (orthographic) on the axes Ox, Oy, Oz by P:, Py, P., respectively. Then 
these seven points, together with the origin 0, determine the so-called projecting 
parallelopiped PP’ P,P’ P’P,OP, of the point P. In projecting the object by 
a system of parallel rays on a general plane w (plane of the paper), the axes pro- 
ject into the lines O*x*, O*y*, O*z*, respectively, and the points P, P’, P’’, P’”’, 
P., Py, P, project into the points P*, P’*, P’’*, P’’’*, P,*, P,*, P.*, respectively, 
so that the lines P*P’*, P’’*P,*, P’’’*P,* are parallel to O*x*, P*P’’*, P’’’*P,*, 
P’*P,* are parallel to O*y*, and P*P’’’*, P’’*P,*, P’*P,* are parallel to 0*z* 
(see Fig. 13). It is evident that from any one of the six pairs of points 


the complete projection P*P’’*P,*P’’"*P’*P,*0*P,* of the projecting parallelo- 


Fig. 13. Fia. 14. Fie. 15. 


piped of the point P can be obtained. Let us suppose now that the segments 
0*A*, O*B*, O*C* (Fig. 13) are the projections on the picture plane of unit 
segments 0A, OB, OC of the axes Ox, Oy, Oz, respectively. Then if the 
coérdinates x, y, 2, of a point P with respect to the axes Oz, Oy, Oz, are known, 
the projection P* of this point upon the picture plane can easily be found by 
taking O*P,* = x-0*A*, P,*P’"* = y-0*B*, P’’*P* = z-0*C*, However, the 
position of P* alone would not be sufficient for the reversal of this process. But 
if any one of the six pairs of points (1) were given, the train of segments 
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O*P,*P’""*P* would be determined and hence the codrdinates of P could be 
read off from Fig. 13. Thus we see that in the axonometric method, as in the 
Mongean, it takes two points in the picture plane to represent unambiguously 
a point in space. Similarly, it takes two lines p*, p’’’* (or any of five other pairs) 
of the picture plane to represent unambiguously a line p of space, while it takes 
two lines of the picture plane m*, m,* which intersect on one of the axonometric 
axes 0*2x*, 0*y*, O*z* to represent unambiguously a plane yu of space (see Fig. 
14). Of particular interest are the traces t, &, ts of the picture plane which form 
the axonometric triangle 7,T,7,. The sides of this triangle meet the correspond- 
ing traces m,*, m,*, m;* of a general plane y in the points L, M, N of a straight 
line m, which is called the axonometric trace of the plane yw. If, in particular, the 
parallel projection is orthographic, the sides of the axonometric triangle are 
perpendicular respectively to the axonometric axes (see Fig. 14). Statements 
(1), (2), (3) given under the Mongean Method are true here also if we under- 
stand by projections, the projections on the picture plane and by traces, the traces 
in the picture plane.1 With this information we are in a position to solve the 

Problem. To find the line x = (2*, 2’’’*) which shall pass through the point 
P = (P*, and be perpendicular to the plane = [m*, m2*]. 

Solution for orthographic axonometry (see Fig. 15): Draw the axonometric 
triangle 7,7,7, with sides perpendicular to O*x*, O*y*, O*z*. Then the axono- 
metric trace of the plane y is the line m; the perpendicular to m through P* is z*. 
Next represent a plane v = [n,*, ns*] which shall pass through mz; and be per- 
pendicular to the plane zOy. Then n;* coincides with m;* while * is parallel 
to O*z*. The axonometric trace of this plane is the line n. Hence since 2’” 
lies in the plane zOy, it follows that «’’’* is perpendicular to n, and it passes 
through P’’’* because x must pass through P. The required line x has thus been 
found since its representatives in the picture 2*, z’’’* have been found. 

The solution of this problem suggests, what is true, namely, that by the 
axonometric method, as well as by the Mongean, all the problems of space can 
be solved, whether these be problems of geometry of position, perpendicularity 
problems or metrical problems. 

It was stated above that if the lengths of the three segments 0*A*, 0*B*, 
0*C*, Fig. 13 (or what is just as good, numbers proportional to their lengths), 
were known, the coérdinates of any point P which was represented in the picture 
plane, by any one of the six pairs of points (1), could be read off. It is evident 
that if the three axes Ox, Oy, Oz are equally inclined to the picture plane and 
the projecting rays are perpendicular to this plane, the three segments 0*A*, 
O*B*, O*C* will be equal in length. In this case the angles § = x y*0*2*, 
n = 4 2*O0*x*, f = X x*O0*y* will each be equal to 120° and then the projection 
is called Isometric. If, however, the projection still being orthographic, the three 
mutually perpendicular axes Oz, Oy, Oz are not equally inclined to the picture 
plane, there will exist between the lengths of the segments a relation which 


1 Statement 3, thus modified, is true only for orthographic axonometry, 7. e., for the case 
where the projecting rays are perpendicular to the picture plane. 
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depends upon the angles ~, 7, ¢ (which may be chosen subject merely to the 
condition that they shall be obtuse). The construction shown in Fig. 16 enables 
one to choose the angles £, 7, ¢ and the segments 0*A*, 0* B*, 0*C* in their proper 
relations. In this construction A and LI are circles of common center 0*, while 
0*(A) and 0*(B) are perpendicular radii lying below the horizontal line which 
passes through 0*. Through the points where 0*(A) cuts A and I, horizontal 
and vertical lines are drawn, respectively, meeting in A*. In a similar manner 
B* is determined. A vertical tangent ¢ is drawn to A meeting I in (C) above 
O*, and then through (C) a horizontal line is drawn cutting the vertical line 
through O0* in C*. The three segments 0*A*, 0*B*, O*C* thus found are of 
proper lengths and directions. 

If the projection is oblique instead of orthographic, the relation between the 
angles £, , ¢ and the segments 0*A*, 0*B*, 0*C* depends not only upon the 
inclinations of the axes to the picture plane, but also upon the direction of the 
projecting rays. But no matter how one may choose the angles &, n, § and the 
lengths 1, m, n of these segments, the three directed segments (i. e., vectors) O*A*, 
O*B*, O*C* of the picture plane may always be regarded as the parallel oblique 
projection of three mutually perpendicular concurrent space vectors of common 
length. This is a statement of Pohlke’s Theorem, which was discovered in 1853. 


Fie. 16, Fie. 18. 


Long before the mathematical facts concerning parallel projections were 
known, however, it was used—often as a substitute for perspective, the rules 


of which were either not known or too complicated for the draughtsman. Forms - 


of it were used in the Middle Ages before perspective was understood. The 
particular type of parallel projection is determined by the direction of the pro- 
jecting rays and the inclination of the picture plane to the mutually perpendicular 
axes Ox, Oy, Oz. In the choice of the particular assumption, one is guided by 
practical considerations. The two particular assumptions which are commonly 
made are the following: First, the picture plane is parallel to the plane of two of 
the axes; second, the picture plane passes through the vertical axis, but is inclined 
to the other two. It is here assumed that the projecting rays are inclined to 
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the picture plane; the case where they are perpendicular, having already been 
considered to some extent. The first type is essentially that used in the science 
of fortifications, and is called cavalier perspective (also military or bird per- 
spective). The second type, and also more general types, are much used in the 
representation of crystals. Of the two types, the second is preferable because it 
coincides approximately with the middle part of perspective at a great distance, 
whereas in cavalier perspective there is a considerable distortion. Cavalier 
perspective is also used in mathematical text-books to represent space relations. 
Thus Figs. 4, 5, 6 and 7 of this paper are such representations. In Fig. 17 the 
first octant of a sphere is so represented. In the same figure is given a solution 
of the 

Problem. The projection P* of a point P of the sphere is given; required 
the coérdinates of P. 

Solution: A projecting ray through the point B (where the positive y-axis 
pierces the sphere) is projected orthographically upon the picture plane into the 
line O*y*. The plane which passes through this projecting ray BB* and is 
perpendicular to the picture plane cuts from the first octant of the sphere a 
quadrant of a great circle. By revolving this plane around its trace y*0*L into 
the picture plane the quadrant assumes the position LA*(B) and the ray BB* 
assumes the position (B)B*. The angle @ = x 0*B*(B) is the inclination of the 
projecting rays to the picture plane. Through P a plane parallel to the plane 
just revolved is passed. This cuts from the sphere a quadrant of a small circle, 
which on being turned into the picture plane (as was the large quadrant) assumes 
the position D(P)(E). From this the revolved position (P) of P can be found 
by drawing P*(P) parallel to B*(B). Then the coérdinate y is the perpendicular 
F(P) from (P) to P*D, z is the perpendicular FG from F to O*z*, and z is eqaul 
to 0*G. The meeting of DF and 0*(B) on the ellipse is accidental. 

In Fig. 18 a hyperbolic paraboloid is represented in cavalier perspective. 

It has already been stated that parallel projection (both orthographic and 
oblique) was used as a substitute for perspective. It furnishes pictures which, 
while not producing (as does perspective) retinal images identical with those of 
the object, are nevertheless representations which convey to the mind adequate 
notions of the objects pictured. It has the advantage over perspective that its 
pictures may be “scaled off” and thus used as working drawings, just as the 
Mongean representatives. It also furnishes a means of solving graphically the 
problems of space. 

Now, just as parallel projection was modified, or rather augmented, so as 
to make of it a method which can be used for the graphical solution of space 
problems, so central projection, or perspective, can also be thus modified. In 
this method, which is called that of Free Perspective, a line of space is represented 
by two points in the picture plane, namely, by its trace and its vanishing point, 
a plane of space is represented by its trace and its vanishing line, and a point 
is represented by its projection and the representative of a line or a plane 
on which it lies. Thus there exists an unambiguous correspondence between 
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space and the plane, making possible the solution of space problems by this 
method.! 

To solve problems concerning fortifications, military engineers use a method 
which is employed in representing the natural surface of the ground in topo- 
graphical and hydrographical maps. It is called the Method of Contour Lines. 
In this method a point is represented by its orthographic projection on a datum 
plane and the number which represents its distance from this plane, a line is 
represented by its projection and a scale on this projection (the points of the 
scale being the points into which are projected the intersections of the line by 
equally spaced planes parallel to the datum plane), and a plane is represented 
by one of its lines of greatest slope. Thus is made possible the solution of space 
problems by this method. 

It is hoped that the preceding account of the several methods of descriptive 
geometry will have given the reader a notion of the nature of the subject. Many 
things have not been mentioned, but those interested are referred to the books 
already mentioned. 

5. Didactic Considerations. Having discussed the objects and nature of 
descriptive geometry, let us now consider what place it should occupy in the 
educational curricula. Developed from technical needs, this science was, and 
essentially still is, peculiar to the technical schools. It was taught and developed 
there almost exclusively. Germany and Austria followed France (where Monge 
published his lectures simultaneously with the opening of the Ecole Polytechnique 
in Paris in 1795) into the field early in the nineteenth century after the founding 
of their technical schools. Italy did not follow until later, and, beyond the work 
by Brook Taylor on perspective, England took no part in the development of 
the subject. In Italy the most noteworthy work was done not in a technical 
school, but in the University of Padua by a professor of science, namely, by 
Bellavitis about 1851. 

In this country also the teaching of descriptive geometry is confined almost 
exclusively to the technical schools. But the amount of time which is here 
devoted to the subject is so limited and the course so restricted in its scope, that 
the average student at the completion of his course knows hardly more than the 
elements of the Mongean method and very little, if anything, about other 
parts of the subject. Furthermore, many teachers have only a very limited 
knowledge of the subject. There seems to be no high requirement for a teacher 
of descriptive geometry as there is, for instance, for teachers of general mathe- 
matics. This being the case there is absolutely no hope of disseminating a 
profound and extensive knowledge of this subject. 

There is a tendency in our technical schools to diminish, rather than to 
increase, the amount of time devoted to descriptive geometry. Therefore, if 
the subject is worth keeping alive—to say nothing of a hope for doing research 


1 Those interested in the methods of free perspective and contour lines are advised to read 
Loria’s Vorlesungen wiber Darstellende Geometrie, from which much of what has been said in this 
paper about the Mongean and axonometric methods has been taken. 
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work in it, for which there are still possibilities—it seems to me that it is the 
duty of our collegiate departments to offer courses in the subject and to make 
the scope of these courses rather extensive. Another possibility might be to 
raise the grade of our technical schools to that of the European technical schools, 
and then possibly the professors of descriptive geometry might take the interest 
in the subject which exists abroad. The latter alternative, 7. ¢., raising the 
standard of our technical schools, seems unlikely. To the former the colleges 
might say: “Why teach a technical subject in a college?” In reply to this, I 
would refer to the remarks of Professor Loria already given, namely, that descrip- 
tive geometry lies within the realm of pure mathematics but on the border there- 
of, so that it is an easy step to the applied. But there are other justifications 
for its introduction into a college curriculum. Gauss recommended it as “a 
nutriment-giving element to animate the real geometric spirit” + and Christian 
Wiener says, “It possesses the capacity above all to develop the power of space 
visualization and thus to lay the foundation for the study of higher geometry.” ? 

I have found that students who study analytic geometry after, or simul- 
taneously with, descriptive geometry find the former subject more interesting 
and less difficult than those who have not studied the latter subject. In the 
study of projective geometry also, a knowledge of descriptive geometry would 
be of great help in making the drawings of the space relations which must neces- 
sarily be made in that subject. On the other hand, some knowledge of pro- 
jective geometry is essential in the higher branches of descriptive geometry. 
According to Professor Loria these two subjects should be taught independently, 
as has been done at the University of Genoa. I consider a course in descriptive 
geometry in the college quite as important as one in analytic geometry and pro- 
jective geometry. 

Another reason for the introduction of descriptive geometry into the colleges 
is the almost complete ignorance concerning the subject which exists among 
mathematicians. This lack is generally accompanied by an inability to visualize 
space forms. This inability is a great handicap not only in some branches of 
geometry, but also in mechanics and physics, where very frequently a mental 
image of a situation is of as much value as refined analysis. Moreover, a general 
course in mathematics without graphical solutions of plane and space problems 
with the instruments of the geometer is almost as great an incongruity as general 
courses in physics and chemistry without laboratory work. 

Descriptive geometry is now required for an honors degree at the University 
of Cambridge, England.* There are many advocates of its introduction into the 
universities of Continental Europe, and some universities actually do give courses 


1 Encyklopddie der Mathematischen Wissenschaften, III AB 6, page 560. This article by E. 
Papperitz was consulted in writing this paper. 

2 Chr. Wiener, Lehrbuch der Darstellenden Geometrie, Vol. I, p. 61. From this work were 
taken most of the historical notes of this paper. 

‘Smith, D. E. Report of Sub-Commission A of the International Commission on the 
—- of Mathematics: Intuition and experiment in mathematical teaching in secondary 
schools. 
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in it. Some might hold that its introduction into a university could not be 
justified unless it offered problems worthy of a Doctor’s thesis. I believe that 
it does offer such problems, and as one such, mention the theory of illumination. 
But even if descriptive geometry did not offer such problems, its introduction 
into the college, and into the university, is justifiable because of the many reasons 
already given. 

It is a fact that the authors of our textbooks on mathematics are deplorably 
ignorant concerning the making of drawings to represent space objects. Klein 
evidently had this in mind when he said, “Is it not as worthy an object of mathe- 
matics to be able to draw correctly as to be able correctly to calculate?” It 
seems only reasonable to demand that the drawings in mathematical textbooks 
should be made by some one who understands the underlying principles, and it 
would be very desirable for the author himself to be able to make his drawings. 

As to the qualifications of a teacher of descriptive geometry, it would seem 
that he should have besides an extensive knowledge of the subject, covering the 
various branches above outlined, a knowledge also of plane and solid analytic 
geometry and projective geometry, besides the ability to make good drawings 
in ink as well as in pencil. The time is at hand when it is desirable to require of 
prospective teachers the completion of such a course. A person with such 
qualifications could be attached to either a department of mathematics or a 
department of drawing. If to the former, he would certainly be required to 
know more mathematics than the minimum just laid down, and if to the latter, 
he would probably be required to be proficient in other branches of drawing. 

While this address was being prepared for publication, death claimed that one 
person who by many was regarded as the best teacher of descriptive geometry 
which this country ever had. I had the good fortune to be his pupil, and it 
was he who inspired me with that love for the subject which it is my earnest 
desire to transmit to others. I refer to the late Dr. E. A. Engler, at one time 
professor of mathematics at Washington University. 


GEOMETRY FOR JUNIORS AND SENIORS. 


By E. B. STOUFFER, University of Kansas. 


An examination of the list of papers presented to the American Mathematical 
Society during the last five years shows that on the average not more than one 
paper in six is concerned essentially with geometry. If the papers presented to 
the Society are assumed to picture approximately the research activity of America, 
it may well be asked whether geometry is receiving the attention which it deserves. 
Is a ratio of one to five or six a healthy sign for mathematics as a whole in this 
country? 

It is true, there is no fundamental distinction between geometry and analysis— 


1 Read at the second summer meeting of the Association, Cleveland, Ohio, September 7, 1917. 
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the laws which govern the process of reasoning in the two are the same. Yet 
frequently a theorem which requires a long and careful argument for its proof 
by the methods of analysis is intuitively evident when viewed geometrically. 
To see a proposition thus standing out by itself, stripped of its attendant proofs, 
is very much of an aid in grasping its full significance. Try, for instance, to 
explain to a class of sophomores the fundamental theorem of the integral calculus 
without showing that the integral may be represented as the area under a curve. 
Yet the proof is purely analytical. 

The development of many a branch of .mathematics may be aided by the 
development of geometry along some particular line. It cannot be denied, for 
instance, that the geometry of space of more than three dimensions has been a 
distinct asset to analysis where more than three variables are involved. The 
terms “ points,” “ curves,” “ surfaces,” etc., the notion of other elements than 
points as generating elements of geometrical figures, the propositions analogous 
to those in ordinary space, these may well suggest analytical theorems, other- 
wise unexpected, and may also greatly simplify their statement and proof. 
Thus, the problem of the equipartition of energy in a gas seems far removed from 
geometry, yet the notion of a sphere of m dimensions is used in the proof of some 
of the results already obtained towards its solution. 

If, therefore, geometry has not kept pace in the scientific advance of America, 
it is pertinent to ask the cause and the cure; if it has maintained its proper 
position, it is still desirable to seek methods of insuring that, in the future, it 
does not retard the scientific world but rather leads the way. 

The tendency to give geometry a secondary place is evident in many Ameri- 
can institutions, both in the graduate and in the undergraduate courses. A man 
who received his master’s degree in mathematics a year ago at one of our most 
important graduate institutions had had no geometry in advance of the ordinary 
plane and solid analytic geometry. Moreover, neither the student nor the 
institution is so very exceptional. As for the undergraduate student majoring 
in mathematics, he is required to take the traditional course in plane analytic 
geometry, and may be advised to take a brief course in solid analytic geometry, 
but there the list of courses in geometry open to him very frequently ends. He 
has no chance to gain the inspiration and delight which accompany a knowledge 
of the theorems bearing the names of Desargues, Pascal, Brianchon, no oppor- 
tunity to recognize the geometry already studied as a special case of something 
far more general and more beautiful. 

There can be no question but that many additional hedavniadied students 
might become interested in mathematics if geometry were presented to them 
more attractively in their undergraduate courses. Sir G. H. Darwin, in the 
opening address of the Fifth International Congress, expressed the belief that 
analysis and geometry offer different attractions to mathematical minds and 
then added, “ I suspect that the mathematician will drift naturally to one branch 
or another of our science according to the texture of his mind and the nature of 
the mechanism by which he works.” 
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A fundamental cause then of our slow growth geometrically is our under- 
graduate course of study. The remedy, naturally, lies in the introduction of 
additional geometry of the proper kind, in suitable amount and in the best way. 
The questions before us are: What is the proper kind of geometry? What is a 
suitable amount? What is the best way of presenting it? 

We assume the prerequisites of the ordinary freshman and sophomore mathe- 
matics: algebra, trigonometry, plane analytic geometry, differential and integral 
calculus. The student may have had additional courses—for example, one in 
synthetic geometry, in his freshman year. If so, it is his good fortune, but 
such a course should not replace one taken after the student’s mind has been 
developed and broadened by the analytic geometry and the calculus. 

There are two particular classes of students for whom the course should be 
planned: first, those who expect to teach mathematics in the secondary schools; 
and second, those who expect to continue their study of mathematics in a graduate 
school. There may be other students in the course—for instance, those who 
take the course for its so-called cultural value—but their number will probably 
be too small to require special attention. Besides, a course fulfilling the needs 
of the first two groups will undoubtedly be satisfactory to the stray student. 

By no means all American institutions offer a course in geometry for juniors 
and seniors, but where there is such a course it is as a rule largely projective 
geometry. It might well be asked, however, whether there is not some other 
branch of geometry which would fit the needs of the class of students mentioned 
above better than the projective. In this paper attention will be called to some 
general principles which are believed to be fundamental in the selection and 
arrangement of the material for the course, regardless of whether it is projective 
geometry or not. If some other branch satisfies these requirements best, it 
should be given. However, in the discussion of these principles almost exclusive 
use has been made of the notions of projective geometry because, in the author’s 
belief, no other branch of geometry can so well fulfill the conditions. 

I. The course should couple together the earlier courses in geometry, and should 
also form a connecting link between them and future courses if such are taken. 

There has been too much of a tendency to separate mathematics, especially 
for the beginner, into watertight compartments, each compartment containing 
the material for one course. The student frequently regards it as more important 
that he recognize the course in which a particular theorem has been presented 
than that he understand the theorem itself and its relation to other results. 
Most of us, I presume, have met the student who, when asked to solve a quadratic 
or simplify a complex fraction in trigonometry, explains that that is algebra and 
expresses surprise that such questions should be asked in a trigonometry class. 
That the unfortunate effects of this method of presenting the elementary courses 
have been recognized is evidenced by the number of texts which have recently 
appeared combining in various ways the algebra, trigonometry, analytic geometry 
and calculus. This question was even considered worthy of formal discussion 
at the summer meeting of the Association a year ago. z 
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It is equally important that the student recognize that the traditional divi- 
sions of geometry are for the purpose of emphasizing some unique method of 
attack or some particular kind of results. The high school work in geometry is 
entirely synthetic and is largely a course in memory work and logical reasoning; 
the early college courses, on the other hand, are as a rule concerned with teaching 
the “ analytic method,” that is, with showing the combined use of codrdinates 
and algebra. It is true that the student recognizes some of the terms, like point, 
line, circle, as common, and even a few identical theorems may be proved in 
both sets of courses; but the methods employed seem to have nothing in common. 

This evil is especially serious for one who goes out to teach mathematics in 
the high school without further training in geometry. He may have understood 
fully his college course in analytic geometry but he can only teach his Euclid in 
the way he first learned it, with no inspiration for himself and little for his stu- 
dents. Klein calls this jump from the synthetic geometry of the high school to 
the analytic geometry and back again a “ double discontinuity ” and adds that 
the real purpose of a university course for the teacher of mathematics is “ that 
you may be able in a large measure to draw inspiration for your teaching from 
the great body of knowledge that has been presented to you.” 

II. The course should be both synthetic and analytic, with the emphasis on the 
synthetic. 

After Poncelet and his followers, in the early part of the nineteenth century, 
had shown the possibilities of synthetic work in projective geometry, the wave 
of enthusiasm for it threatened for a time to drive the analytic school out of 
existence. Although the brilliant work of von Staudt in freeing synthetic 
geometry from analytic and metric relations was a triumph for the synthetic 
school, the later work of Pliicker and Cayley showed that each method had its 
distinct advantages and that it was a decided loss to cultivate one at the expense 
of the other. 

The entire elimination of the analytic work from the first course in projective 
geometry is especially unfortunate for the student who has just finished a course 
in analytic geometry. For, it is only by the introduction of some analytic work 
that the two courses can be connected in a vital way. This fact is well expressed 
by Segre in a strong appeal for combined analytic and synthetic methods in 
geometry: “The method of codrdinates serves to pass from one to the other 
and unites them intimately, or rather so welds them together that we may say 
that every advance in the one means an advance in the other.” 

It is not desirable to introduce a large proportion of analytic work, as the 
student is already much better trained in its methods than in synthetic methods. 
Results which can be obtained equally well or better by the synthetic method 
should be presented in that way. However, even a relatively small amount of 
analytic work in the projective geometry will strengthen and enlarge both 
the elementary analytic geometry and the projective geometry. For instance, 


1 Segre, Rivista di Matematica, Vol. I (1891), pp. 42-66; translation by J. W. Young, Bulletin 
of the American Mathematical Society, Series II, Vol. 1, pp. 442-468. 
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the student who has had only the usual course in analytic geometry feels no 
freedom in the use of codrdinate systems. The idea that other quantities than 
distances—for example, the ratio of distances or the value of an angle—may be 
used as codrdinates, the notion that lines and planes can be determined by 
coérdinates in place of equations, the concept of homogeneous codrdinates and 
the resultant elimination of the infinitely distant point as a special case, all 
these are new viewpoints which broaden previous concepts remarkably. 

On the other hand, the projective geometry gains decidedly from the ele- 
mentary analytic geometry. The latter assumes implicitly that there is a one- 
to-one correspondence between the points on a line and the numbers of the 
real number system. The real basis for the assumption is admittedly too difficult 
for inclusion in an undergraduate course, but the same may be said of the alterna- 
tive assumption, the postulate of continuity in some form or other. The intro- 
duction of analytic methods into the projective geometry makes possible the 
explicit assumption of an abscissa system of coérdinates for the points of a range, 
an assumption already familiar to the student and in fact quite natural and 
easy of comprehension. From this assumption follows directly the projective 
coérdinate system and the proof of the fundamental theorem of projective 
geometry. 

Again, in the introduction of imaginaries into geometry, analysis comes to 
the rescue. If statements are to be made as general as possible—and that is 
one of the principal features of this course—imaginary elements must be con- 
sidered. Von Staudt’s use of involutions without double points for defining 
imaginary points on a line, while a fine piece of mathematical work, is too diffi- 
cult for such a course as we are outlining. By the use of algebra the whole 
subject of imaginaries is carried back to a field with which the student is already 
somewhat familiar. The necessity of treating imaginaries in geometry by means 
of algebraical quantities is well expressed by Russell in his Foundations of Ge- 
ometry, where he says: “ All the fruitful uses of imaginaries in geometry are 
those which begin and end with real quantities, and use imaginaries only for the 
intermediate steps. Now in all such cases, we have a real spatial interpretation 
at the beginning and end of our argument, where alone the spatial interpretation 
is important; in the intermediate links, we are dealing in a purely algebraical 
manner with purely algebraical quantities and may perform any operations 
which are algebraically permissible.” 

The possibility of giving an analytical statement to the projective trans- 
formation is another gain from the introduction of analytic methods. The 
equation of the transformation not only makes the whole transformation appear 
much more real but affords a solid peg on which to hang its double points. More- 
over, the slight acquaintance here with the linear transformation will make the 
friendship ripen much more rapidly when it is met in some other course in ge- 
ometry, in function theory, or elsewhere. 

The prospective graduate student in mathematics will take this course as a 
preparation for the more intensive graduate courses. He should therefore 
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have training in both analytic and synthetic methods. ‘“ Often it will be found 

convenient to alternate between the synthetic method which appears more pene- 
trating, more enlightening, and the analytic which is in many cases more powerful, 
more general, or more rigorous; and it will frequently happen that the same 
subject will not be quite clear from all points of view unless treated by both 
methods. . . . The most important thing is that the geometer should not be the 
slave of a single method and that he should put himself in a position where he 
can make use of any instrument to obtain an important result.” 

III. The course should begin with undefined terms and unproved propositions, 
specifically stated. 

“ Foundations ” is too large a word for what should be included, but there 

must always be some undefined terms and some unproved propositions. These 
should be as simple as possible. The course might begin with about the kind of 
material Enriques uses in the first three sections of his projective geometry. 
The point, line, and plane are assumed without definition, the nine fundamental 
forms are then defined, and eight or ten propositions from elementary geometry, 
so simple as to appear intuitively correct, are introduced without proof. Also 
the assumptions are made which are necessary for the elimination of the special 
cases of infinite elements. 
- The question of foundations is extremely important for the prospective 
teacher of Euclidean geometry, not so much because he will present that question 
to his students as because his own clear ideas will enable him to judge what to 
emphasize and what to omit. It is either an unusually brilliant or an exceedingly 
careless teacher who has never been troubled with logical difficulties in the treat- 
ment of certain topics in algebra and geometry. The emphasis given to logical 
considerations in the report of the National Committee of Fifteen on Geometry 
Syllabus is sufficient evidence of the importance of this subject in elementary 
geometry; but it must be difficult for the teacher to grasp the significance of this 
report if the idea of making necessary assumptions and deducing results there- 
from has not been presented to him in some form or other in college courses. 

IV. The course should show the generalizing methods and principles which have 
been so characteristic of modern work in geometry. 

This should undoubtedly be the chief aim of the course. The unfolding to 
the interested student of the geometrical concepts developed during the early 
part of the nineteenth century will cause him to experience in his own mind 
much the same transformation as that through which the mathematical world 
passed during those years. In fact, there is a noticeable parallelism between the 
development of mathematics through the centuries and its development in the 
mind of the student under the modern curriculum. There is in both first arith- 
metic, then algebra and Euclidean geometry, followed in order by Cartesian 
geometry and the calculus. 

Historically the next great advance opened up the field of the so-called 
modern geometry. The developments of the eighteenth century had been 
1 Segre, loc. cit. 
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almost entirely analytic. The newly discovered calculus and its unlimited appli- 
cations, with the assistance of the analytic geometry, had crqwded out of con- 
sideration any other forms of geometry. But by the end of the eighteenth 
century this field of research was beginning to appear exhausted and there was a 
revival of interest in the almost forgotten work of Desargues and Pascal. The 
French mathematician Monge really reopened the subject of projective geometry 
by the publication in 1800 of his Descriptive Geometry. Besides discovering many 
properties of curves and surfaces useful for classification purposes, he first sug- 
gested the use of imaginaries in pure geometry. His work introduces into 
geometry, as Hankel says, “ the hitherto unknown idea of geometric generality 
and geometric elegance.”’ 

In 1822 there appeared a treatise by Poncelet, a pupil of Monge, in which is 
introduced for the first time the valuable concept of figures in homology. Here 
are discussed also such notions as the line at infinity, the circular points at 
infinity, imaginaries, and projection and section. Pliicker and Steiner soon 
followed with treatises, that of Steiner being especially worthy of notice because 
in it projective pencils are first made use of in the generation of conics. “ In 
the ten years which embrace the publication of these immortal works of Poncelet, 
Pliicker and Steiner, geometry has made more real progress than in the two 
thousand years which had elapsed since the time of Apollonius. The ideas 
which had been slowly taking shape since the time of Descartes suddenly crystal- 
lized and almost overwhelmed geometry with an abundance of new ideas and 
principles,’ 

If the mathematical world was so inspired by the richness and beauty of the 
projective geometry after a period devoted exclusively to analytic geometry and 
the calculus, is it not to be expected that there will be a favorable reaction in the 
mind of the college student when, after the two years spent on the usual fresh- 
man and sophomore courses, he sees the generality of the projective methods? 
Duality will appeal to him not merely as a great labor-saving device, but also as a 
new and unexpected correlation of widely separated theorems. Nothing of the 
kind has appeared to him in previous courses. Likewise the process of projection 
and section is both easy to understand and fascinating in its possibilities. Again, 
the elimination of the consideration of the infinitely distant element as a special 
case—the horror of the average student—brings undiluted delight. The invari- 
ance of the anharmonic ratio under projective transformations, the possibility 
of generating figures by means of other elements than points, the notion of 
coédrdinates attached to lines and planes, the construction of conics by means 
of two projective pencils, these and many other such general notions cannot 
fail to astonish and enthuse a student who has any interest at all in geometry. 

V. Metric geometry should be introduced as a special case, but emphasis should 
be put on the fact that it is metric. 

The introduction of metrical considerations brings the whole subject back 


LPierpont, “History of Mathematics in the Nineteenth Century,” Bulletin of the American 
Mathematical Society, Series II, Vol. 11, pp. 136-159. 


1 

i 
af 
ay 


166 GEOMETRY FOR JUNIORS AND SENIORS. 


to actual experience. The possibilities of the applications of projective geometry 
to physical problems and the presentation of metric geometry as a special case 
of a more general geometry are immediate results. Moreover, in no other way 
can the important part the infinitely distant point plays be so easily emphasized. 

There might be mentioned several other general principles which should be 
considered in the selection and arrangement of the course. For instance, the 
material should be arranged as far as possible in the order in which the student 
would of himself seek information; there should be an abundance of construction 
problems; the problems of the course should not only afford drill in the theory 
but should also offer chance for originality without being so difficult as to produce 
discouragement. 

To leave these somewhat safer generalities, what should be the content and 
arrangement of topics in order to fulfill best the requirements mentioned? A 
very brief outline of a plan for a course is here suggested. 

After the undefined elements and unproved propositions from elementary 
geometry have been introduced and the method of eliminating the consideration 
of the ideal elements as special cases has been explained, the principle of duality 
may be explained and illustrated. We are then ready for a discussion of projec- 
tion and section, and of perspectivity, and for the definition of a projectivity as 
a sequence of perspectivities. Desargues’s theorem on triangles should be 
proved as an illustration of the possibilities of the use of projectivities. 

We are now ready for the introduction of codrdinate systems for one-dimen- 
sional forms. Emphasis should be put on the fact that we seek a system satis- 
factory for projective geometry, that is, such a system that the codrdinate of an 
element need not be changed when the form is subjected to a projective trans- 
formation. The abscissa system, introduced by means of the assumption already 
mentioned, and the simple ratio system, which follows immediately, both fail to 
satisfy the requirements of projective geometry. The double-ratio coédrdinate 
follows most naturally and is found to be invariant, under a projectivity. As 
already mentioned, it is now easy to prove the fundamental theorem of projective 
geometry. 

The projective transformation may next be shown to be equivalent to the 
linear transformation. The double points of a projectivity appear at once. 
Some metric geometry may be introduced and also a number of interesting con- 
struction problems. If time permits a discussion of geometric addition and 
multiplication will be found illuminating. 

Harmonic sets with some metric properties should now be introduced. Invo- 
lutions may follow, being defined most directly perhaps as projectivities of period 
two. The analytic representation of an involution makes intelligent a discussion 
of its double elements, even though they are conjugate imaginaries. 

We are now ready for the discussion of conics. The field of selection here is 
so large and varied that the time at the disposal of the class must determine 
what is given, but certainly there should be included the famous theorems of 
Pascal, Brianchon and Desargues, projectivities on a conic, the theory of poles 
and polars, and some metrical properties of conics. 


¢ pr 
na 

do 
ar 

fu 

th 
as 

0 
of 
t 

a 

a 
A 

t! 

n 
Pp 
re 

Cc 
fi 

a 


BOOK REVIEWS AND NOTES. 167 


Conics might be either preceded or followed by a discussion of two-dimensional 
projective codrdinates. The duality between points and lines, both as to codrdi- 
nates and equations, the use of the abridged notation, the expression of the 
double ratio of four elements in terms of their parameters, the equations of conics, 
are all worthy of particular notice. Any time remaining might well be given to 
further discussion of projectivities between two-dimensional forms. 

The course as outlined will probably consume the time of a three-hour course 
throughout the year. If only half that amount of time can be given to the course, 
as is unfortunately true in many institutions, it will be necessary to omit the work 
on two-dimensional codrdinate systems and to make brief the treatment of some 
of the other subjects mentioned. In any case, however, the course is such that 
the prospective teacher will have new inspiration as well as much new material, 
and that the future graduate student will have an increased interest in geometry 
and a first-class foundation for its further study. 


BOOK REVIEWS AND NOTES. 
SEND ALL commMuUNIcATIONS TO W. H. Bussry, University of Minnesota. 
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An Introduction to Statistical Methods. By Horace Secrist, Pu.D., Associate 
Professor of Economics and Statistics, Northwestern University. The 
Macmillan Company, New York, 1917. xxi-+ 482 pages. $2.00. 

We are told in the preface to this book that “the treatment is non-mathe- 
matical for several reasons, chief of which are that the mathematical phases of 
the subject are treated in other places and that there seems to be an urgent 
need for a fundamental discussion of the non-mathematical but not less vital 
processes in statistical investigation and analysis.” 

With a non-mathematical treatment, we may well question the propriety of 
reviewing the book in a mathematical journal, but the methods involve certain 
mathematical concepts such as average deviation, standard deviation, correlation 
coefficient, and probable error. 

It may well be said that it seems to the reviewer that the illustrations drawn 
from economics and business are a very useful and interesting part of the book. 
There is given a valuable discussion of the collection of statistical data with 
special reference to the dangers of interpreting results from figures collected with- 
out a thorough knowledge of the conditions and limitations under which the 
figures are produced. The main sources of economic and business statistics are 
also well discussed. 

In the chapters on “Tabular Presentation,” “Diagrammatic Presentation,” 
and “Graphic Presentation,” the author indicates how the choice of different 
devices depends largely on the purpose of the presentation. 

In the chapter on “Averages as Types,” the uses and abuses of different 
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averages are discussed. The two chapters on “Index Numbers” show very well 
not only some of the purposes to which such numbers may be put but the serious 
consequences of the loose and indiscriminate use of indices. 

The part of the book that uses mathematical concepts is well illustrated by 
concrete applications, but the reviewer offers the following criticisms: 

On p. 387 we find the statement: “If, however, signs are disregarded, the 
aggregate deviations are larger when taken from the arithmetic mean than 
when taken from any other average, for the reason that this average is affected 
both by the size of items and the frequencies.” This statement is incorrect, 
as can be shown easily by giving a well-selected illustration in which the mode is 
near the end of the distribution. That is to say, we can easily give an illustra- 
tion in which the average deviation from the mode is greater than from the 
arithmetic mean. 

On p. 388 there is the statement that “mathematical consistency seems to 
demand that the median be used. On the other hand, the average deviation 
requires that the total be averaged, that is, divided by the number of items, 
and logical consistency seems to demand that they be computed from the mean.” 
It is not clear to the reviewer what this statement means, as it is not indicated 
what distinction exists between mathematical consistency and logical con- 
sistency. 

On p. 453 there occurs the statement: “If r = 0, no correlation exists, changes 


_in the two phenomena being indifferent.” This statement does not seem to be 


correct. ‘To be sure, when two variates are independent, we have r = 0, but the 
converse is not necessarily true. The statement quoted seems to imply that the 
converse is true. 

As shown by illustrations in this book, the use of the correlation coefficient 
and the attendant theory may help very much to throw light on the tendency 
of two sets of economic phenomena to change together, but such applications 
should be made with a clear understanding of the limitations imposed in the 
mathematical development of the theory. 

H. L. Rrerz. 


UNIVERSITY OF ILLINOIS. 


Elliptic Integrals. By Harris Hancock. John Wiley and Sons, New York, 

1917. 104 pages. $1.25. 

Professor Hancock’s book is the eighteenth in the series of “Mathematical 
Monographs” edited by Mansfield Merriman and Robert S. Woodward. It 
furnishes a useful guide to students who have completed an elementary course 
in the calculus and wish to extend their study to a consideration of types of 
integrals not treated in a first course. As is to be expected in so short a discussion, 
Professor Hancock’s book treats only the formal aspects of the subject and 
chiefly the integrals of the first and second kinds with the standard transforma- 
tions into the normal forms. The discussion of elliptic functions and their 
transformations is brief but well balanced, the interest being centered where it 
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should be, upon the doubly periodic nature of the functions. A great many 
examples and problems are given. The five-place tables at the end of the book 
and the many reduction and other formulas of integrals in the text give in com- 
pact form the material most often needed for reference. 


RaYMOND W. BRINK. 
Tue University oF MINNESOTA, 


NOTES ON NEW BOOKS. 


“Tsaac Barrow was the first inventor of the infinitesimal calculus; Newton 
got the main idea of it from Barrow by personal communication; and Leibniz 
also was in some measure indebted to Barrow’s work, obtaining confirmation 
of his own original ideas, and suggestions for their further development, from 
the copy of Barrow’s book that he purchased in 1673.” This is a quotation from 
the preface to “The geometrical lectures of Isaac Barrow, translated with notes 
and proofs and a discussion on the advance made therein on the work of his 
predecessors in the infinitesimal calculus” by J. M. Child, B.A. (Cantab.), B-Se. 
(Lond.) The book is No. 3 of the “Open Court Series of Classics of Science and 
Philosophy.” It is published by the Open Court Publishing Company, Chicago 
and London. 

A revised edition of “Plane geometry- with problems and applications” by 
H. E. Slaught and N. J. Lennes has just been published by Allyn and Bacon, 
Boston and Chicago. Practical applications to everyday life are a feature of the 
book. Here are two sample ones: (1) “In kicking a goal after a touchdown in 
the game of football, the ball is brought back into the field at right angles to the 
line marking the end of the field. The distance between the goal posts being 
given, and also the point at which the touchdown is made, find by a geometrical 
construction how far back into the field the ball must be brought in order that 
the goal posts may subtend the greatest possible angle.” (2) “A car wheel is 
broken, and it is required to determine its diameter by construction when only a 
fragment of it is given.” At the very beginning of the book there are two 
pages of “reasons why geometry should be studied by those who wish to obtain 
a generous culture, a broad outlook and a mental development characterized 
by logical thinking and clear expression.” These two pages and the book itself 
are a good answer to those who are questioning the value of geometry as a subject 
of study in the high school. 

The number of trigonometry textbooks on the market is still increasing. 
P. Blakiston’s Son and Co. of Philadelphia have recently published “Plane 
trigonometry with tables” by Eugene Henry Barker, head of the department of 
mathematics of the Polytechnic High School of Los Angeles, California. 

The society in England which corresponds to the “ Mathematical Association 
of America” is called the “Mathematical Association.” It publishes the Mathe- 
matical Gazette. One of its past presidents, Professor A. N. Whitehead, has 
recently published in one volume eight addresses which he has given in recent 
years on educational, mathematical and scientific topics. They ought to be of 
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especial interest to readers of the MonrTuty because three of them are presidential 
addresses to the “Mathematical Association.” The title of the book is “The 
organization of thought.” It is published by Williams and Norgate, London. 

The D. Van Nostrand Company has recently published a book on “ Recrea- 
tions in mathematics,” by H. E. Licks. It has chapters on arithmetic, algebra, 
geometry, trigonometry, analytic geometry, calculus, astronomy and the calendar, 
mechanics and physics, and an appendix. It is not so extensive as the well- 
known “Mathematical recreations and essays” by W. W. R. Ball, but it contains 
considerable material not to be found in that standard work. The eight pages 
devoted to the cell of the honey bee will be new to many readers. 


PROBLEMS FOR SOLUTION. 
SEND ALL COMMUNICATIONS ABOUT PROBLEMS TO B. F. Finxet, Springfield, Mo. 


2689. Proposed by E. V. HUNTINGTON, Cambridge, Mass. 


Show that the maximum value of 
sin z cos (t +¢) 
cos (@ + 6) sin + + 0) 


is y: = (cos @ — p)/(cos @ + p), where p = Vsin* y — sin? 0. 

This problem was suggested to the proposer by a professor of civil engineering, and has 
important applications in the theory of conjugate stresses. 

Note.—It may facilitate the work to let § = 22 + 9 + @. 

2690. Proposed by E. V. HUNTINGTON, Cambridge, Mass. 

Find the maximum value of 


a sin x cos (x + ¢) 
¥™ cos (@ + 6) sin (@ +B +0)* 

2691. Proposed by ROGER A. JOHNSON, Hamline University. 

Show by purely geometric methods, without the use of the calculus, that the envelope of all 
circles whose centers are on a fixed circle and which touch a fixed diameter of that circle is a two- 
arched epicycloid. (Cf. Calculus problem, 423.) 

2692. Proposed by J. L. RILEY, Stephenville, Texas. 

A cube is cut at random by a plane, what is the chance that the section is a hexagon? 


2693. Proposed by W. F. HARLOW, Portland, Oregon. 


A cow is tethered with a rope, length 1, to a peg on the opposite side of a wall, height h, the 
peg being at a distance a from the wall, Find the area over which the cow can graze. 


2694. Proposed by N. P. PANDYA, Sojitra, India. 


Find the locus of the centroid of a triangle, whose vertex lies on a given parabola, whose base 
of given length is a segment of a given straight line of unlimited length, and one of whose base 
angles is known. 


2695. Proposed by FRANK IRWIN, University of California. 


A positive number, which for convenience we will write as a fraction, a/b, is developed into a 
continued fraction, 


a: 


i 
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by the following process: 
b = — 12, = Gy: — 13, etc. 
Here a, a2, «++ are positive integers, and, if we suppose a, b to have been taken positive, 
b>n>r2>-++ >0. Show that if a/b be but slightly larger than a positive integer or zero, 
the numerators (as likewise the denominators) of the successive convergents will for a time be in 
arithmetical progression, and determine how long this phenomenon will continue. 
2696. Proposed by L. E. LUNN, Heron Lake, Minnesota. 


An air pipe 18 inches in diameter passes diagonally through a room from one lower corner 
to the opposite upper corner leaving through elliptical openings in the floor and ceiling, so that 
the ellipses are tangent to two boundaries of the floor and to the two opposite boundaries of the 
ceiling. If the room is 10 x 12 x 8, find the remaining cubic capacity of the room. 


2697. Proposed by H. S. UHLER, Yale University. 
Show how to reduce the left-hand members of the following identities to their respective 
(x + dy) — sin + $y) sin — $y) = sin’ y, 
sin (2 + y) sin (x + $y) — sin z sin (x + fy) = sin jy sin y, 
sin sin (x + dy) — sin — $y) sin (x + y) = sin sin y. 


2698. Proposed by WARREN WEAVER, Throop College of Technology, Pasadena, California. 

An urn contains N balls numbered from 1 to N. Of these n are drawn out and are arranged 
linearly according to the numbers on each. A certain ball is observed to be the kth in this line. 
What is the most probable number written on this ball? 


SOLUTIONS OF PROBLEMS. 
490 (Algebra). Proposed by HENRY HEATON, Atlantic, Iowa. 


Show that sin 3° = + — 12) + 34(¥5 + — Vi5 +345). 


Sotution By S. E. Rasor, The Ohio State University. 


Since 3° = 12° — 9°, 12° = 30° — 18°, and, for @ = 18°, 26 = 90° — 30, the sine and the 
cosine of 9°, 12°, 18°, and thus sin 3° may be found as follows: 
We have 
sin 20 = 2 sin 6 cos @ = sin (90° — 36) = cos3@ = 4 cos* @ — 3 cos 8, 


4 sin? @ + 2sin = 1, 
sin 18° = — 1), cos 18° = V10 +2 
Also from the identities, sin }A + cos }A = + V1 + sin A for A = 18°, we have 
sin 9° = + 45 — — 5), cos 9° = 3(V3 + V5 + V5 — 


and 


ain 12° = sin (30° — 18°) = sin 30° cos 18° — cos 30° sin 18° = 4( V10 + 2¥5 — vi5 + 18), 
cos 12° = 3(V30 + 6¥5 + 1). 

Therefore, 

sin 3° = sin (12° — 9°) = sin 12° cos 9° — cos 12° sin 9° 
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= + — V6 — v2) + + 445 + — 


— ¥30 + — V¥30 — 1245) 


= + Vio — — v3) + — ¥8)( + 445 + Vio — 


By simplifying the expression in the last parenthesis and then collecting under the radical sign, 
we have, after a simple reduction, 


sin 3° = + Vi0 — V6 — +: 4(V5 + — + 345). 


Also solved by L. E. Mensenxamp, J. L. Rrtey, Horace Orson, H. S. Unter, 
H. C. Freemster, Raz, R. M. Matuews, H. L. Acarp, 
A. Frank C. E. Grruens, A. M. Harprne, and the Proposrr. 


491 (Algebra). Proposed by J. W. LASLEY, University of North Carolina. 
Solve the equations zy = 2? — 7° and 2? + y? = 2 — y' for 2 and y. 


Sotution By J. W. Batpwin, Ann Arbor, Michigan. 

Solving zy = x? — y° for x in terms of y we have x = }(1 + V5)y and z = 3(1 — V5)y. 
These values substituted in 2? + y* = z* — y? give, after simplification, y*(y — 3¥5) = 0 (1) 
and y*(y + 3v5) = 0 (2). From (1), y = 0, 0, 3v5 and from (2) y = 0,0, — 445. Hence, the 
corresponding values of z are 0, 0, (5 + ¥5)/4 and 0, 0, (5 — ¥5)/4. From (1) or (2) it is seen 
that two branches of the curve represented by the second equation pass through the origin. 
It is readily determined that these branches are imaginary and, hence, the origin is a conjugate 
point. 

Also solved by S. E. Rasor, F. H. E. Grosecrose, H. N. 
CarLeTON, A. M. Harpine, J. L. Ritey, Potycarp Hansen, E. B. Escort, 
G. Y. Sosnow, J. Q. McNart, O. S. Apams, Horace Oxtson, T. C. Amick, 
L. E. Lunn, Pavutine Sperry and the Proposer. 


433 (Calculus). Proposed by LOUIS O’SHAUGHNESSY, University of Pennsylvania. 
Solve the differential equation 


I. So.ution BY Emi L. Post, New York City. 


We have : 
d 
(1) 
Operating on both sides by d*/dz* (see next problem), we have 
df da dt 
But for any operation f(D) 
+ at diy 
f(D) = D 
Then 


at dty dty 1 


0. 
2 
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Substituting from the original equation and (3) into (2), we have 


dy y 
From this we have 
log y = — 1/z — 3 logz + log C, 


y= Ce-G)z-4, 


or 


II. SoLuTIon By THE PROPOSER. 


the general differential operator may be defined as follows: 


dux* (- 1)# +n) 


daw 


for all values of n and We have + 1) = nI(n). 
Let us assume y = Ao + + Apr + + 


Then 
dty 3/TQ) , T(2) 
and 
+ Awd + Ase + + ---. 
Hence, 


= Ay and A; = 4, = 


Also, = 1. 
Furthermore, 
as = Ai wAo, or A: = — 2Ao, 
since T($) = = also 
=A,;= — or A; = ivrAo. 


Finally, y = Ao(1 — — 2271 + + 


poser would be glad to see some discussion of the subject of general differentiation. 
The above solution may be considered as a reply to the following question: 


360 (Calculus.) Proposed by ELMER SCHUYLER, Brooklyn, New York. 
What interpretation must be given to 


ay) _ ay, 
dz? \ dx? dz 
435 (Calculus). Proposed by B. F. FINKEL, Drury College. 
Show that 
vr 


tion, as, for example, in Byerly’s Integral Calculus, page 106-107. 


According to Professor Kelland (Trans. Royal Society of Edinburgh, Vols. XIV and XVI) 


For, since I'(p)I'(1 — p) = x/sin px when p7 is a fraction less than one, then I'(}) = vr. 


Note.—This problem, which is very similar to one solved by Professor Kelland, was submitted 
because it was thought that it might prove of interest to the readers of the Montuty. The pro- 


by a transformation, rather than by the usual method of differentiating under the sign of integra- 
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SoLuTion By Orto J. Ramer, Catholic University of America. 
We have the known definite integral 


e-*dz = vr. 


Now let z = (x —a/z). Then 


dz = (1 + a/z*)dz, 
and the integral becomes 


or 
In the second integral, let x = a/y. Then dz = — a/y*dy, and the second integral becomes 


—(aly—y)% dy = —(y—a/y)® 


Hence, 

J + f™ = Ve 

or 
0 
or 
2 f° made = = Ve. 
0 0 

Whence, 


Solved similarly by O. S. Apams. 


339 (Mechanics). Proposed by C. N. SCHMALL, New York City. 

A roll of cloth of very small uniform thickness a is coiled up tightly in the form of a circular 
cylinder of diameter d and is laid horizontally across a perfectly rough incline so that its axis 
is parallel to the intersection of the plane with the horizontal. It is then allowed to unroll (with- 
out slipping) down the plane. Neglecting the motion of its center of gravity in the direction 
perpendicular to the plane, show that it will unroll entirely in the time 


6d? 
Vagsing’ 


where ¢ is the inclination of the plane to the horizontal plane, and g is the acceleration of gravity. 


Sotution By Pavut Capron, U.S. Naval Academy. 


After ¢ seconds, let the radius of the cylinder be r; let s be the distance its center of gravity 
has moved parallel to the plane; 6, the angle through which it has turned; W = mg = 2pgr* its 
weight; and let the reaction against it at its point of application with the plane be composed of 
R lbs. perpendicular to the plane and S lbs. upward along the plane. The moment of inertia is 
then J = pr‘. Since a is very small, assume 


r= ox rd@ = ds. 
Using the dot and double dot to indicate first and second derivatives with respect to the 
time, we have the equations for motion of the center of gravity along and perpendicular to the 
plane and of the cylinder about its geometric axis: 


(ms) = W sin — S, (mi) = — W cos ¢, and = 
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The second of these is to be neglected. Eliminating S from the first and last, we have 


[A] 


+5 (ma) W sin = 0. 


During the motion, r varies from d/2 to 0, @ from 0 to wd/a, and 8 from 0 to wd?/4a. 
(I) The proposed result can be obtained as follows: Assume 


ni) = mt dé. di__dé 
(1) 5 (ma) = (2) 5 U0) (3 
Then [A] becomes 
ag sin ¢ 
(B] 
Integrating, we find, if k = ag sin ¢/37, log (d/2r) = p’, 
6d? 0.3392d 
% 


These assumptions seem et however. 
(II) If we let x = 2r/d = 1 — (a0/xd), we have 


ds = “a -2)| = = 
Thus [A] becomes 
[C] 32% + 10z? + 10k = 0, where k = 2ga sin o/5xd*. 
If = y, 3rdy + 20(y + k)dz = 0. Whence, by integration, 
2%/3(y +k) = Const. = k, 


since at the start 


2r aé \? 
ges y= = 0. 


— zis; 
[D] = — 2%) or 
< < 0 throughout the motion; and ¢ varies from 0 to T as z varies from 1 to 0. Hence, 


1 
— 


m+1 


T = 
Since 


wt 


ap sin  T(1.15) = 0.195d/~Va sin (units feet and seconds). 


(III) Reverting to the original equations, we find 


at @ .. dy _ 


we have 


= = — ES = — + 


| 
| 
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From [C], 
From [D], 
When 


= 6, x = Xo = .76433, = 5k = 2ga sin ¢/xd?, 7 = ga sin ¢/22, 
@ = sin ¢/a, = rgd? sin = .29210xgd? sin ¢/a. 
From this point on, the discussion in (II) calls for a negative value of S. Again, 


R=Wes¢+% (mt) = gat cos + | = = cos -+ (ai + 


From [C] and [D], 
B = cos — + |. 
When z = 
R = 3pd’gxo [ = cos — ; 


ad 
and if 
tong > 
In general, 
R > 0as long as tan ¢ < 
Qa 1+ 


As ais very small, there is no point in considering the condition R > 0 as a further restriction. 
As soon as S becomes zero 


1 1 _ 
( after T= — secs. ), 


the cylinder begins to rotate so rapidly that the uncoiled cloth is no longer laid down and the 
cylinder ceases to resemble even remotely a rigid body. It would seem, therefore, that without 
additional data, the problem is not to be solved. 

IV. It may be a reasonable assumption that after 7’) secs., S continues to be zero, the roll 
loosening just enough to effect this condition, and that the cloth is still laid down flat, so that 
adm = —2pads. [p =.xlw/2g, if l is the length of the cylinder in feet, and w its weight in lbs. 
per cu. ft.] 

If this is the case, m = }pd?x,? — (2/2) pas, and the first of the equations of motion is 


(mi) = ( 2 pas) 2 pait = sin ( pas), 
or (s —c)(§ —gsing) +#=0. Letting s* = z, (c = 


(s — c)dz + [22 — 2g sin ¢(s — c)]ds = 0. 
In Ii, when = To, 


8 207) 2gc sin ¢. 


Taking these final conditions of the phase of the motion according to III as the initial conditions 
for the present discussion, we have 


e-e=igsing| (6-0) + 


The distance to be traversed is (xd*/4a) — ((xd*/4a) —c) =c. Hence, the duration of this 
second phase is 


= 
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(s—c)ds_, 


The full time of the motion is thus T = Ty) + 71; or 


It is more convenient to write the first of these integrals as 


using the value found in (II). 
By the Binomial Theorem, 


where now 
Tex. 2kK+13 2+1 
=T = #, (.31204 + .010244 + .000797 + .000080 + .000009) = .07458, 
ow 
ZT = 0.03685, 
ZT = .25 + .0125 + .001465 + .000222 + .000036 + .000007 + .000001 = .26423 


ZT = 0.03865, 


T = (0.1950 — 0.03685 + 0.03865) = 2:19684 (units feet and seconds). 
sin Va sin 
It may be noted that since dm = — 2pads and m = 2pr*, 2xrdr = — ads, so that 
as 
and when s = ¢, at the end of the motion, 
_ ae _ 
= 4 = 0. 


The roll of cloth, intact would roll xd?/4a feet down the plane in 
3rd? _—0.2718d 
4g 


secs. 
asing Yyasin¢ 


II. By Witu1am Hoover, Columbus, O. 


Let d = 2b (1), r = the radius of the roll after any time ¢ from the beginning of motion, 
the width of the strip being taken as the unit, + = the distance the roll has moved down the 
plane, and p, k, the density and radius of gyration about the axis. Then we have plainly 

px(b? — r?) = par. (2) 


This is an instance in which we must employ the general definition of momentum and con- 
sider the mass, as well as the velocity, of the moving body as variables. 
Let F = the friction; then resolving along the inclined plane, for the linear motion we have 


d P 
= sin — F (3) 
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and for the angular motion, taking moments about the axis of the roll, 6 being the angular motion 
corresponding to z, and so 


We have k? = r?/2 (6), and from (4), 6 = 4/r (7). Substituting (6) and (7) in (5) and eliminating 
F from the resulting equation and (8), developing the derivatives and reducing, 


sing 
37° (8) 


Now, from (2), = — (2mr/a)? (9), = — (2x/a)(7* + 77) (10), and substituting these in (8) 
and arranging, 
_ _agsing 
Putting #? = y (12), (11) is thrown into the form (dy/dr) + Py = Q (18), in which P = 20/8r (14), 
and Q = — (2ag sin ¢/3zr) (15), the integral (13) being 
(16) 
Substituting (14) and (15) in (16) and performing the operations indicated, 
But when r = b, y = 0, and, hence, C = agb”/* sin ¢/(307), and (17) becomes 


dr? ag sin ¢ — 
giving for the required time ae 
307 
ag sin ¢ Si — 720/38" (19) 


The last factor may be put into the form, 


the series appearing to converge suitably for the degree of approximation for ¢ in (19) by the 
conditions of the problem, the result’ though differing from that stated in the problem. 


347 (Mechanics). Proposed by E. B. ESCOTT, Kansas City, Mo. 


A cord ABCD is suspended from points A and D which are 20 feet apart in horizontal distance. 
D is 4 feet lower than A. At B and C are suspended weights 100 and 200 Ibs. AB = 8 feet, 
BC = 10 feet, CD = 12 feet. Find angles a, 8, y made by AB, BC, CD, respectively, with the 
horizontal. Also find the tensions 71, T2, 7; in AB, BC, CD. 


Sotution By Hoover, Columbus, Ohio. 
For the equilibrium of w; = 100, resolving vertically and horizontally, 
T, sina T: sin B 100, 
cos a = cos B; 
similarly for w2 = 200, 
T; sin y sin B = We = 200, 


T; cos y = T2 cos B. 
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The sums of the horizontal and vertical projections of AB, BC, CD give 
8 cosa + 10 cos 8 + 12 cos y = 20, 
4. 
These six equations furnish the theoretical solution of the problem. 


The Proposer furnished a complete solution. 


348 (Mechanics). Proposed by ALTON L. MILLER, Ann Arbor, Michigan. 


If equilateral triangles be constructed on the sides of any triangle, their centers are the vertices 
of a new equilateral triangle. Show that the center of gravity of this new equilateral triangle 
coincides with the center of gravity of the original triangle. 


So.tutTion By Emma M. Gipson, Springfield, Mo. 


Let ABC be the given triangle and let the codrdinates of the vertices A, B, C referred to the 
rectangular axes ox and oy be (c, 0), (0, b), (a, 0), respectively. The equation of the line through 
(a, 0) and (9, b) is 


(1) 


The line from D, the third vertex of the equilateral triangle on BC, through (a/2, b/2) and per- 
pendicular to (1) is 


a — a? 
= z+ (2) 
The line through C making an angle of 60° with (1) is 
_ b+ av3 
bv3 —a @) 


Solving equations (2) and (3), the values of the codrdinates of D are found to be [(a + b ¥3)/2, 
(6 + 

Similarly the codrdinates of F and E are found to be [(a + c)/2, v8(c —)/2] and 
[(c — bV8)/2, (6 — ev8)/2], respectively. 

Now the centers H, G, I of the three equilateral triangles are 


respectively, since Z = +22+23), = + + ys). These points are the vertices 
of the new triangle and by the formula for the length of a line between two points, the three 
sides are proved equal. Hence, the new triangle is equilateral. 

The codérdinates of the center of gravity of the original triangle are 7 = }[a + c], 9 = 4b. 
The codrdinates of the center of gravity of the new triangle are 


ate ,c—bWB]_ 
= - te +0, 


1fb+av3 , Be-—a) _ 


3 2 2 


which are the same as those obtained for the original triangle. 


Also solved by Horacr Oxson and Roger JOHNSON. 


268 (Number Theory). Proposed by FRANK IRWIN, University of California. 


Show that in any arithmetical progression, whose first term a, and common difference d 
are positive integers, any required number of consecutive terms may be found, no one of which 
is a prime number. 


i 
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Sotution By B. F. Yanney, College of Wooster, Ohio. 


Suppose that the theorem is not true, and that n is the greatest number of consecutive terms 
in the progression no one of which is a prime. 
Consider any n + 1 consecutive terms of the progression, as 


A; =@ +hkd, Ay =a + +1)d, As = a, + (K Any = ait (kK 


Set M = Then will A;’ = Ai(M+1), As’ = Ai(M+1)+d, 
Any’ = Ai(M + 1) + nd be n + 1 consecutive terms of the progression, no one of which is a 
prime. For consider any one of them, as 


Ary’ = Ai(M +1) + 1rd = (a, + kd)(M +1) + 1rd = (a, + kd + 1rd)(M +1) —rdM, 


which is evidently not prime, since M is a multiple of a; + kd + rd. We are thus led to a contra- 
diction. Hence the denial of the theorem must be withdrawn, and the theorem is true. 


Also solved by H. N. Carterton, Exvisan Swirt, Horace Otson and Louis 
CLARK. 


269 (Number Theory). Proposed by ARTEMAS MARTIN, Washington, D. C. 


Find three rectangular parallelepipedons whose edges are rational whole numbers, and whose 
solid diagonals are equal, and rational whole numbers. 


I. SoLUTION BY THE PROPOSER. 


Let w, x and y denote the lengths of the edges, and z the solid diagonal, of any one of the three 
required solids; then we must have 
+22 + 


Put = np, y = ng,z = w+nr; then 
(w + nr)? = + (np)* + (ny)? = w* + 2nrw + 
which gives, after dividing by n, 


2r 


Now take n = 2r and we get the integral values 
c=2pr, y = 2gqr, 


for one of the solids, The other two solids are obtained by interchanging the values of p, g, r in 
the expressions for w, x, and y. 
Hence 


(P+ +1)? = + — + (2pr)? + (2gr)* 
= + 1? — + (2p)? + (2¢r)? = + — p*)? + (2pg)* + (2pr)*. 
Take p = 4, gq = 2,r = 1; then the solids are 
21, 19, 8, 4; 21, 16, 18, 4; 21, 16, 11, 8 (diagonals 21). 
Take p = 4, ¢g = 3, r = 2; then they are 
29, 21, 16, 12; 29, 24, 12, 11; 29, 24, 16, 3 (diagonals 29). 
The values of p, g, 7 may be chosen at pleasure. 


and Or 


II. Sotution By C. F. Gummer, Queen’s University, Kingston. 
We have to find three solutions of the Diophantine equation, 


(1) 
having the value of r in common. 
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From the theory of the form x? + 7’, the general solution of (1) is given by 
r+z2z= m(a? + 5), 
xz = m(ac + bd), y = m(ad — be), 


where at most one of the integers a, b, c, d is zero, and either m or a? + b? + c? + d? is even, 
It follows that 
By permutation of a, b, c, d we obtain six solutions (generally distinct) with r in common 
from which three may be selected with no other value in common. 
Thus, if m = 2,a = 5,b = 3,c = 1, d = 2, we get for z, y, z the sets of values 


22, 14, 29; 34, 2, 19; 26, 26, 13; 
26, 2, 29; 22, 26, 19; 34, 14, 13; 


of which the first or last three are entirely distinct, and in each case the sum of the squares is 39°. 

Evidently, by taking for r a value having various divisors expressed in the form 
a? + b? + c? + d*, wecan obtain any desired number of rectangular parallelepipeds with integral 
sides and a common integral diagonal. 


Also solved by Exisan Swirt, B. F. Yanney, H. C. Feemster and J. L. Rey. 


QUESTIONS AND DISCUSSIONS. 
SEND ALL COMMUNICATIONS TO U. G. MircHetut, University of Kansas, Lawrence. 
DISCUSSIONS. 
I. RELATING TO THE DERIVATION OF THE DisTANCE FoRMULA. 
By H. T. Buragss, University of Wisconsin. 


The derivation of the distance formula independent of Hesse’s “normal 
form” as presented by Mr. Mathews on page 476 of the December Montaiy 
appeals to me as an excellent idea. Hesse’s form in this connection may well be 
relegated to Professor Miller’s collection of “Obsoletes.” * 

Since the form y = ma + b includes all lines not parallel to the Y-axis and is 
the only one ever needed in ordinary straight-line problems, I suggest the deriva- 
tion below as a possible alternative. 

Given a point P = (am, y:) and a line y = ma + J, to find the distance d from 
the point to the line. 

Write the equation of the parallel through P in the form y = mz + b’. When 
a drawing is made, it is obvious that, numerically, 

d = (b b) cos a Vig mi’ 
where a = arctan m. 
If one must be conventional, we have 


to take care of the sign of d. 

1Cf. pp. 453-456 in the December, 1917, Monraty. 


d 


a 


4 
4 
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II. RELATING TO THE DEMONSTRATION OF A GEOMETRICAL THEOREM. 
By E. Heat, Washington, D. C. 


Prof. H. E. Slaught has informed me that Mr. W. J. Greenstreet of London 

has called his attention to the fact that the geometrical theorem (if the bisectors 

of two angles of a triangle are equal, the triangle is isosceles) 

‘oe demonstrated in the Montuty for September, 1917, page 344, 

is not necessarily true if the bisectors of the exterior angles 

be taken into account, and has suggested that it would be of 

interest to readers of the MonTuty to discuss the question 
fully. 

I will divide the discussion into four parts. 

Case I. When the bisectors of the interior base angles are 
equal to each other. This is the case already discussed in the 
MonrTHLy and it is shown that the triangle is isosceles. 

Case II. When the bisectors of the external base angles 

Ye are equal to each other. In Fig. 1 let, for brevity, AE = a, 
AE’ = a’, EB = b, E'B = AD=c, AD’ = DC =d, D'C 
=d', EC=f, E'C=f', D'B=q', BC=h. 

We have 


AB X BC = AD’ X D'C — D'B’, 
AC X BC= E'BX — E'C’. 
If E’C = D’'B = f' = g’ we have 
(a’—b)h=c'd' =f", —d)h=a'b' — ff”, 
(a’ — b‘)h—c'd' = — d’)h—a'd’. 
Also 
AB:BC=D'A:D'C, <AC:BC=E'A:E'B, 
(a’ —b’):h=c':d, (’ 
= (a’ — b’)d’, (1) 
a’h = — d')b’. (2) 
Substituting the values of a’h, c’h above and dropping b’d’ from both sides, 
b’c’ — Wh —c'd’ = a'd' b’(a’ ++ ce’ — h) = d'(a’ +c’ — h). 
Hence b’ = d’, since (a’ + c’) > + (e+ d)]>Ah. 
From this we have by (1) and (2) 


or +c’)(a' — c’) = b’(a’ — cc’); 


hence we have a’ = ¢’ and b’ = a’ +c’. 


a’ 

, 
— 
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The last supposition is absurd and hence we have again the triangle isosceles. 
Case III. Suppose 


BD=CE', ACX BC =AE'X BE'—CE”, ABX BC=ADXCD+ BD*, 


(c+ d)h = a'b’ —f”, (3) 
(a’ — b)h = cd + f”. (4) 
Also 
AB:BC=AD:CD, <AC:BC=E'A:E'B, 
ch = (a’ — b’)d, (5) 
ath = (c+ d)b’, (6) 


(c+ d)h+ (a’ — b’)h = a’b’ + cd. 
Introducing the values of a’h and ch into (3) and (4) and reducing, we have 


(7) 
Hence 
b’ = d if c + (a’ + h); 
BDCE’ is a parallelogram and the vertex A of the triangle ABC is at infinity. 


If c = a’ + h we have from (7) the relation , 


and we cannot infer b’ = d. 
If the triangle ABC is isosceles we have, dividing (5) by (6), 


or a’ :b'’=c:d. 


B 

The triangles ABD, AE’C are similar and BD is parallel to 
E’C and they cannot be equal. Therefore the triangle ABC is , 
not isosceles. Fic. 2. 


Case IV. Suppose BD = BD’. 

This case can be very easily disposed of by noting that, since BD and BD’ 
(Fig. 2) are at right angles to each other the triangle DBD’ must be one half the 
square on BD with DD’ as diagonal. Extend the diagonal in the direction D’D. 
Let any two lines from the point B, making equal angles with BD, meet D’D 
in the points C and A. The triangle ABC evidently satisfies the conditions of 
the theorem and is not generally isosceles. 


III. Rewatine To tHE Law or CosINnEs FoR A POLYGON. 


By F. M. Morean, Dartmouth College, Hanover, N. H. 


The proof of the law of cosines for a plane triangle, as generally given in the 
texts on trigonometry, does not lend itself readily to a generalization that will 


d e—h—a 0 
| 
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apply to a polygon either plane or skew. If, however, we make use of the 
theorems on projection in proving the law for a plane triangle, we can readily 
extend our proof to apply to the above configuration. Moreover, from the 
equations used in proving this general law, an identical relation among the 
angles of the polygon can. be deduced. 

Let us first derive the law of cosines for a plane triangle using the theory of 
projection. If we denote the sides of the triangle by the letters a, a2, a3, respec- 
tively, we have 

Ay = COS (4,42) + ag COs (4443), 
Az = COS (4,01) ++ dg COS (1) 
Gg = COS (901) ++ COS (age). 
Let us now multiply these equations by a, — a2, — a3, respectively, and add, 
remembering that cos (a,a;) = cos (aja;). We then obtain 


ay? = ay? + a3? — 2aeag cos 


which is the well-known law of cosines. 
If we eliminate a), a2, a3 from equations (1) we obtain 


—1 COS cos 
cos (aj) — 1 COS (dds) | = 0, (2) 
cos COs — 1 
which when simplified gives 
cos + cos* + cos? + 2 cos (aa2) cos (4103) Cos (4203) = 1 


as an identical relation between the angles of the triangle. 
Let us now consider a general polygon whose sides we will denote by aj, a, -* -, 
a, respectively. Then 


= COS (442) Ag COS (103) + + dy COS 
Az = COS (A201) + a3 COS + + Gn COS (3) 
Gn = COS + COS (Anda) + +++ + COS 
If we multiply these equations by a1, — a, — a3, ---, — Gm respectively 
and add we obtain 
ay? = ay? + ag? + + an? — COS + COS + 
+ COS (An-14n) J, 


which we will call the law of cosines for a polygon. Moreover it should be noted 
that the proof is perfectly general, 7. ¢., it applies to a polygon that is either 
concave or convex, plane or skew. 


1 Paterson, Elementary Trigonometry, Oxford, p. 168. Prove = cos? A = 1 — 211 cos A. 


q 
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If we eliminate the a’s from equations (3) we obtain 


as an identical relation between the cosines of the angles. For a quadrilateral 
(4) becomes, if we denote cos (a;a;) by (7, 7), 


1 — 2(aj)? + [(12)(34) — (13)(24) — (14)(23)P — 2(12)[(13)(23) + (14)(24)] 
— 2(34)[(13)(14) + (23)(24)] = 0. 


UNDERGRADUATE MATHEMATICS CLUBS. 
Epitep By R. C. Arcursatp, Brown University, Providence, R. I. 


CLUB ACTIVITIES. 


Tue Matuematics Cius, University of Colorado, Boulder, Colo. 


This club was organized in October, 1915, “to stimulate interest in mathe- 
matics among those who have had calculus.” The total membership this year 
is 41 and the average attendance about 30. Professor George H. Light acts as 
chairman of the meetings and the following program for 1917-18 was arranged 
by him “with the assistance of club members,” and issued in printed form. 


November 20: “Non-Euclidean Geometry” by Leroy A. MacColl 19; 

December 4: “Discovery of Logarithms” by Leona E. Vincent 719; 

December 18: “Squaring the Hyperbola” by Ada G. Hall 18; “Probability in 
Arithmetic” by Henry A. Howell 18; 

January 15: “Condition that f(z, y, z) can be factored” by Agnes M. Wright ’20; 

February 5: “Applications for Vectors” by Claribell Kendall, instructor in 
mathematics; 

February 19: “Nth Dimensions” by Lauren C. Hand ’19; 

March 5: “Relativity in Astronomy” by Edgar W. Wollard ’20; 

March 19: “American Mathematicians” by Dorothy Bair ’20, and Alfreda 
Alenius ’21; 

April 2: “Proofs of Pythagoras’s Theorem” by Lila Nelson ’20; “Geometric 
Proof that sin 3A = 3 sin A — 4 sin* A” by Oliver De Motte Sp.; 

April 16: “Certain Definite Integrals” by Mildred McMillen ’19; 

May 7: “Curve Tracing” by Anthony J. Killgore ’20; 

May 21: “Famous Problems in Mathematics” by Gussie Wellman ’21. 
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THe Cius, Harvard University, Cambridge, Mass. 


At least as far back as 1898 there flourished at Harvard an organization known 
as The Mathematical Conference, in which all students pursuing advanced studies 
in mathematics were invited to take part. The conference was “intended for the 
presentation and discussion of work done in courses of reading and research, 
of articles in the mathematical journals and of other suitable matter, and for the 
meeting of instructors and students.” The meetings were held twice a month. 
In 1902 it was announced that “the direction of the Conference is in the hands 
of a committee of graduate and undergraduate students, acting with the advice 
and assistance of the Division of Mathematics.” In the following year the 
number of meetings was reduced to one a month and it was officially published 
that “pains will be taken to provide for the discussion of a fair proportion of 
subjects within the capacity of members of the younger undergraduate classes. 
An important object aimed at is the free and general interchange of views be- 
tween students and instructors. . . . Students of Radcliffe College are cordially 
asked to be present and to contribute to the discussions.” 

In the autumn of 1904 the Mathematical Conference resolved itself into The 
Mathematical Club, of which the first officers were: President, William H. Roever; 
secretary and treasurer, Ralph B. Stone. These officers together with Dr. 
Julian L. Coolidge, instructor in mathematics, constituted the executive com- 
mittee. The guiding principles now are as when reorganized thirteen years ago. 
“Meetings are held once a fortnight, in the evenings, and simple refreshments 
are served after the more formal part of the meetings. Any student who has 
taken or is taking a course in mathematics not regularly open to freshmen is 
eligible for membership in the club; and a special effort is made to have a good 
proportion of papers which shall be of interest to students taking courses of 
intermediate grade. A small membership fee is charged! to defray expenses. 
Radcliffe students are not eligible for membership.” 

The officers for 1917-18 are: President, Ralph Keffer Gr. (resigned at mid- 
years to enter war service), succeeded by John P. Ballantine ’18; secretary and 
treasurer, Joseph L. Walsh Gr. (resigned at mid-years to enter war service), 
succeeded by D. S. Morse Gr. These officers, together with the faculty adviser, 
Dr. Gabriel M. Green, constitute the executive committee. 

The following programs were given in 1917-18: 


October 17: “History of Elementary Trigonometry” by Professor Maxime 
Bécher; 

November 7: “Curve Smoothing” by Lester R. Ford, instructor in actuarial 
mathematics; 

November 21: “Solution of linear algebraic Equations in infinitely many Vari- 
ables” by Joseph L. Walsh Gr.; 

December 5: “On the Consistency and Equivalence of regular Transforma- 


1 The “small” fee is three dollars, an amount in excess of that charged at any of 40 other 
similar clubs in America. 
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tions” by Louis L. Silverman, instructor in mathematics at Cornell Univer- 
sity; 
December 19: “Rigid Motions in Space” by Professor Dunham Jackson; 
January 9: “Some Methods of Interpolation” by John P. Ballantine 718; 
February 20: “Finite Mathematics” by Henry M. Sheffer, instructor in philos- 
ophy. 


THe Matuematics or Hunter New York City. 


This club of young women was organized in 1910 “as the result of a desire 
on the part of both the teaching and student bodies to investigate matters 
connected with mathematics, to study the phases of mathematical development 
which are crowded out of classroom work, and to keep the students in touch with 
the best thoughts of the times. It aims to be a source of profitable pleasure.” 
Motto: Honor habet onus. 

All students “matriculated in the mathematics department” are eligible for 
membership, which now totals 80. 

Officers 1917-18: President, Rose Sigal ’18; vice-president, Dorothea Boves 
19; secretary, Anita Rosenthal ’19; treasurer, Miriam Werner, instructor in 
mathematics. Program committee: Professor Louisa M. Webster,’ Rose Sigal 
718, Kathryn McSorley ’19, Mildred C. Zwinge ’20, Jessie Krosovitch ’21. 

The programs for 1917 were as follows: 


January 12: “The Slide Rule” by Adelheit Steeneck Gr.; “Origin of Geometrical 
Terms—a Sketch” written by Rose Sigal ’18 and presented by 14 members 
of the club; 

February 19: Reception to Freshmen; 

March 9: “Mathematics of Physics” by Rosetta Chess 716; “Facts about 
Figures” by Jessie Krosovitch ’21; 

April 13: “Resources of Research” by Henryk Arctowski, chief of the science 
division, New York Public Library; “The Horn Book” by Grace H. Davis 
’20 (Illustrative photographs taken from Andrew Tuer’s History of the 
Horn Book); 

May 11: Guests of the Classical Club; “Three M’s, Mysterious, Mystic, Magic” 
by Emory B. Lease, professor of Latin in the College of the City of New 
York; election of officers. 

September 14: Reception to Freshmen; 

October 19: “History of Trigonometry” by 13 Freshmen; 

November 9: Report, by the club representative, of the meeting of the New 
York Division of the Association of Mathematics Teachers of the Middle 
States and Maryland; “The Mathematician at the Breakfast Table—a 
paper on mathematical Fallacies” by Mildred C. Zwinge ’20; 

December 13: “Personal Equation solved by judicial Process or Labor Problem 

1 Miss Webster’s article on ‘Mathematics Clubs” in The Mathematics Teacher for June, 


1917. (Vol. 9, pp. 203-208), contains information not given in these notes concerning the club of 
Hunter College. 
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solved” written by Kathryn McSorley ’19 and presented by the Junior 
Class members. (The sketch was based on “A, B and C” in S. Leacock’s 
Interary Lapses.) 


In 1918 there was no meeting during January. At the. one in February, 
twelve members showed the relation between mathematics and costuming; 
eight geometrically constructed gowns were on exhibition. 


MATHEMATICAL CLUB OF RockFrorp CoLLEGE, Rockford, IIl. 


So far as the editor knows this is the youngest of the undergraduate mathe- 
matics clubs, since it was organized only last October. It has 24 members. 

Officers 1917-18: President, Estle Russell ’18; vice-president, Dorothy 
Mandeville ’20; secretary-treasurer, Aline Bartholomew ’20. 

The following programs have been given: 


November 7: Opening address on the purpose of the club by the president; 

November 21: “The History of Limits” by Marie S. Allen, instructor in mathe- 
matics; 

December 21: A social meeting with readings from Flatland, A Romance of Many 
Dimensions with Illustrations by the Author, A Square; 

February 6: “Fourth Dimension” by Professor Bessie I. Miller, head of the 
department of mathematics. 


THE JUNIOR MATHEMATICAL CLUB, University of Wisconsin, Madison, Wis. 


As long ago as 1893 a Mathematics Club was organized at the University of 
Wisconsin for instructors, graduates, and seniors making mathematics their 
major. Its object was to follow important recent developments in mathematics. 
In March, 1912, the Junior Mathematical Club was founded and its meetings 
opened to all interested in mathematics. Most of the members, which now 
number 25, are Juniors and Seniors majoring in mathematics. The membership 
of the older organization, now called the “Senior Mathematical Club,” is limited 
to members of the faculty and to graduate students. 

Officers 1917-18: President, Florence Krieger *18; vice-president, Hilda 
Kieckhefer ’19; secretary-treasurer, Kathryn Geiger ’18. Program committee: 
Barbara Pearsall ’19 (chairman), Frances McKay 18, Raymond Suchy ’19. 

Normally, meetings are held twice each month and are limited in length to 
one hour. The average attendance is about 18. In order that members may 
become better acquainted with each other and with members of the faculty 
during the year, there are a few social events such as picnics and hikes. 

The following programs have been given in 1917-18: 

1 That is, A? = Abbott Abbott? Edwin Abbott Abbott was born in London in 1838 and he 
was still living there when the material for Who’s Who, 1918 was being collected. Educated at 
St. John’s College, Cambridge, he graduated as senior in the classical tripos. He is the author of 
over 40 works, many of which are volumes of sermons or deal with the Gospels. Nearly a score of 
books including A Shakespearean Grammar (1870) and How to Write Clearly (1872) appeared 


before the first, and best, edition of Flatland (in small 4to) was published at London in 1884. 
This is the only mathematical work which Mr. Abbott has acknowledged as his. 
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November 7: Minutes; business; “General Survey of the History of Mathe- 
matics: (a) Greek, (b) Arabic, (c) Renaissance and Modern” by Professor 
Arnold Dresden; “Archimedes, His Life and His Work” by Albert Kohlman 
718; 

November 19: Minutes; business; “Eudoxus and his Method of Exhaustions 
which compares to our Method of Limits” by Professor Linneus W. Dowling; 
“Euclid, his Life, Anecdotes, and a General Description of his Works” 
by Barbara Pearsall ’19; 

December 5: Minutes; business; “Pappus and his modern Elements as we find 
them in Greek” by Raymond Suchy 719; “Ptolemy and Greek Trigonom- 
etry” by Anne Clark 718; “What we forgot to mention concerning Mathe- 
matics of the Greeks” by Professor Edward B. Van Vleck; discussion; 

January 23: Minutes; business; “What is a straight Line?” —two-minute 
discussions (including various definitions of a straight line) by every one 
present. 

TOPICS FOR CLUB PROGRAMS. 
Perusal of the recent very remarkable book by D’Arcy Wentworth Thompson, 

On Growth and Form,: has suggested to the editor that his next selection of 

topics be made from those which come up in the study of certain fields of botany 

and biology. The logarithmic spiral which bulks large in such discussion (pages 

493-586 in Thompson’s book) was chosen as one topic. While the others, 

Golden Section, and A Fibonacci Series, are less known to the average mathe- 

matician, there is much of interest, historical and otherwise, connected with their 

consideration. 
8. THe 


The first discussion of this spiral, in a letter written by Descartes to Mersenne 
in 1638, was based upon the consideration of a curve cutting radii vectores, 
p (drawn from a certain fixed point, 0), under a constant angle, ¢@. Descartes 
made the very remarkable discovery that if B and C are two points on the curve 
its length from 0 to B is to the radius vector OB as the length of the curve from 
0 to Cis to OC;3 whence s = ap,‘ where s is the length measured along the curve 
from the pole to the point (p, @), and a = sec¢.5 This leads to the polar equa- 


1 Cambridge: at the University Press, 1917. 16 + 793 pp. 

? Historical sketches and some of the properties of the curve are given in F. Gomes Teixeira, 
Traité des courbes spéciales remarquables, tome 2, Coimbre, Imprimerie de l’université, 1909, 
pp. 76-86, 396-399, etc.; in G. Loria, Spezielle algebraische und transzendente ebene Kurven, Band 2, 
2. Auflage, Leipzig, Teubner, 1911, pp. 60 ff.; in Mathematisches Wérterbuch . . . angefangen 
von G. 8. Kligel . . . fortgesetzt von C. B. Mollweide, Leipzig, Band 4,, 1823, pp. 429-440. 

* Oeuvres de Descartes, tome 2, publiées par C. Adam et P. Tannery. Paris, Cerf, 1898, 
p. 360. Cf. I. Barrow, Lectiones Geometricae, Londini, 1670, p. 124; or English edition by J. M. 
Child, London, Open Court, 1916, pp. 136-9. 


4 The intrinsic equation s"R = K represents a logarithmic spiral when m = — 1, a clothoide 
when m = 1, acircle when m = 0, the involute of a circle when m = — } and astraight line when 
m= ©, 


5 That is, the length of the arc measured from the pole is equal to the length of the tangent 
drawn at the extremity of the arc and terminated by the line drawn perpendicular to the radius 
vector at the pole. 
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tion (1) p = ke®*, where k is a constant and c = cot ¢. The pole O is an asymp- 
totic point. The pole and any two points on the spiral determine the curve; 
for, the bisector of the angle made by the radii vectores of the points is a mean pro- 
portional between the radii. Ifc = 1 the ratio of two radii vectores corresponds 
to a number, and the angle between them to its logarithm; whence the name of 
the curve. 

The logarithmic spiral has been called also the proportional spiral! (E. Halley, 
1696) but more commonly, because of the property observed by Descartes, the 
equiangular spiral (Whitworth, 1862). Johann Bernoulli employed the term 
loxodrome which is now reserved for the spherical curve which cuts all meridians 
under a constant angle. To Edmund Halley is usually ascribed the discovery 
that the loxodrome is the stereographic projection of a logarithmic spiral.” 

Torricelli studied the logarithmic spiral about the same time that Descartes 
did. He gave a definition which may be immediately translated into equation 
(1), and from it he obtained expressions for areas and lengths of-arcs. These 
results were rediscovered by John Wallis and published in 1659. 

During 1691-93 Jacob Bernoulli gave the following results among others: 
(a) Logarithmic spirals defined by equations (1) for different values of k are 
equal and have the same asymptotic point; (b) the evolute of a logarithmic 
spiral is another equal logarithmic spiral having the same asymptotic point;* 
(c) the pedal of a logarithmic spiral with respect to its pole is an equal logarithmic 
spiral;> (d) the caustics by reflection and refraction of a logarithmic spiral for 
rays emanating from the pole as a luminous point are equal logarithmic spirals. 

The discovery of such “ perpetual renascence’”’ of the spiral delighted Bernoulli. 
“Warmed with the enthusiasm of genius he desired, in imitation of Archimedes, 


1The lengths of segments cut off from a radius vector between successive whorls of the 
spiral form a geometric progression. 

2 Philosophical Transactions, 1696; but see two letters of Collins, one undated and the other 
dated Sept. 30, 1675, in Correspondence of Scientific Men of the Seventeenth Century . . . Vol. 1, 
Oxford, University Press, 1841, pp. 144, 218-19. 

Cf. F. G. M., Exercices de géométrie descriptive, 4e éd., Paris, Mame, 1909, pp. 824-6. Chasles 
showed (Apercu historique, etc.,... 2e éd., Paris, 1875, p. 299) that if the logarithmic curve 
generates a surface by revolving about its asymptote, and if this asymptote is the axis of a heli- 
coidal surface, the two surfaces cut in a skew curve whose orthogonal projection on a plane per- 
pendicular to the asymptote is a logarithmic spiral. See also H. Molins, Mémoires de l’académie 
des sciences inscriptions et belles-lettres de Toulouse, tome 7 (sem. 2), 1885, p. 293 f.; tome 8, 1886, 
pp. 426. That the logarithmic spiral is a projection of a certain “elliptic logarithmic spiral” 
was shown in W. R. Hamilton, Elements of Quaternions, London, 1866, pp. 382-3. For other 
quaternion discussion of the logarithmic spiral see H. W. L. Hime, The Outlines of Quaternions, 
London, 1894, pp. 171-3. 

Cf. Turquan, “ Démonstrations élémentaires de plusieurs propriétés de la spiral logarith- 
mique,”’ Nouvelles Annales de Mathématiques, tome 5, 1846, pp. 88-97. 

¢ The center of curvature at a point on a logarithmic spiral is the extremity of the polar sub- 
normal of the point. 

5 The nth positive pedal of the spiral p = ke°® with respect to the pole is 


p = ksin® (3+) 


(J. Edwards, Elementary Treatise on the Differential Calculus, 3d edition, London, Macmillan, 
1896, p. 167.) 
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to have the logarithmic spiral engraved on his tomb, and directed, in allusion to 
the sublime tenet of the resurrection of the body, this emphatic inscription be 
affixed—Eadem mutata resurgo.” ! 

The logarithmic spiral appears in two propositions of Newton’s Principia 
(1687).2 From the first there develops that if the force of gravity had been 
inversely as the cube, instead of the square, of the distance, the planets would 
have all shot off from the sun in “diffusive logarithmic spirals.” * In the second 
proposition Newton showed that the logarithmic spiral would also be described 
by a particle attracted to the pole by a force proportional to the square of the 
density of the medium in which it moves, while this density is at each point 
inversely proportional to its distance from the fixed center. This latter proposi- 
tion was generalized by Jacob Bernoulli. 

Cremona’s discussion of the logarithmic spiral, and how it may serve, when 
drawn, for the solution of problems involving extraction of roots‘ (higher than 
the second) should not be forgotten. Then, too, there is the little known but 
notable paper, published by James Clerk Maxwell when only 18 years of age,® 
which contains several properties of logarithmic spirals. Some quotations follow: 

Page 524 [10]: “The involute of the curve traced by the pole of a logarithmic 
spiral which rolls upon any curve is the curve traced by the pole of the same 
logarithmic spiral when rolled on the involute of the primary curve.” 

Page 529 [16]: “The method of finding the curve which must be rolled on a 
circle to trace a given curve is mentioned here because it generally leads to a 
double result, for the normal to the traced curve cuts the circle in two points, 
either of which may be a point in the rolled curve. 

“Thus, if the traced curve be the involute of a circle concentric with the given 


1 Cf. Acta eruditorum, 1692, p. 212. 

2 Book I, proposition 9, and book II, proposition 15. 

* The hodograph of an equiangular spiral is an equiangular spiral (W. Walton, Collection of 
Problems in Illustration of the Principles of Theoretical Mechanics, 3d ed., Cambridge, 1876, p. 
296). Ina chapter on electromagnetic observations in J. C. Maxwell’s Treatise on Electricity and 
Magnetism (Vol. 2, Oxford, Clarendon Press, 1873, pp. 336-8) the discussion calls for the investiga- 
tion of the motion of a body subject to an attraction varying as the distance and to a resistance 
varying as the velocity. This leads to the reproduction of Tait’s application (Proc. Royal Society 
of Edinburgh, Vol. 6, 1869, p. 221 f.) of the principle of the hodograph to investigate this kind of 
motion by means of the logarithmic spiral. 

“Tf a particle be describing a logarithmic spiral under the action of a force to the pole, and 
simultaneously the law of force be altered to the inverse biquadrate and the velocity to ¥} Xx 
its previous value, the particle will proceed to describe a cardioide.” Purkis’s Messenger of 
Mathematics, Vol. 2, 1864. For other results of this type, involving the spiral, see Newton’s 
Principia, first book, Sections I-III, with notes and illustrations by P. Frost, London, 1880, p. 203. 

4L. Cremona, Graphical Statics. Translated by T. H. Beare, Oxford, Clarendon Press, 
1890, pp. 59-64. Italian edition, Torino, 1874, pp. 39-42. The xylonite logarithmic curve 
(eight inches in width) sold by Keuffel & Esser Co., New York, furnishes the means for accurately 
and rapidly drawing the curve. The curvature gradually changing it is peculiarly adapted for 
fitting to any part of a given curve. It assists in the rapid determination of the center of curvature 
of a given part of the curve, and, hence, in drawing evolutes and equidistant curves. 

5 “On the Theory of Rolling Curves,” Transactions of the Royal Society of Edinburgh, Vol. 16, 
part V, 1849, pp. 519-40. [The Scientific Papers of J. C. Maxwell, edited by W. D. Niven, Vol. 1, 
pr ts 1890, pp. 4-29.] Loria, Gomes Teixeira, and Wieleitner seem to be equally ignorant 
paper. 


ro- 

ds 

of 
ey; 

he 
Tm 
uns 
ory 
tes 

on 

ese 

rs: 
are 
nic 
it ;4 
nic 
for 
ls. 

li. | 

es, 
the 
her 

1, 
sles 

ve 
eli- 
mie 

86, 
al’? 
her 
ns, 
th- 

b- 
20 


192 UNDERGRADUATE MATHEMATICS CLUBS. 


circle, the rolled curve is one of two similar logarithmic spirals.” (Often attrib- 
uted to Haton de la Goupilliére.) 

Page 532 [19]: “If any curve be rolled on itself, and the operation repeated 
an infinite number of times, the resulting curve is the logarithmic spiral.” The 
curve which being “rolled on itself traces itself is the logarithmic spiral.” 

Page 535 [23]: “ When a logarithmic spiral rolls on a straight line the pole 
traces a straight line which cuts the first line at the same angle as the spiral 
cuts the radius vector.” (Often attributed to Catalan.) 

Among many other results the following may be noted: If a logarithmic 
spiral roll on a straight line the locus of the center of curvature of the point of 
contact is another straight line (A. Mannheim, 1859)—The involutes of a logarith- 
mic spiral are equal spirals—The inverse of a logarithmic spiral with respect to 
its pole is an equal spiral with the same pole—Coplanar logarithmic spirals and 
their orthogonal trajectories, which are again coplanar logarithmic spirals, come 
up (1) in the discussion of loxodromic substitutions' and (2) in conformal repre- 
sentations.2, As a consequence of a general theory relative to linear trans- 
formations F. Klein and S. Lie obtained the following result:* The logarithmic 
spiral is its own polar reciprocal with respect to each of the equilateral hyperbolas 
with center at the pole and tangent to the spiral. 

The most practical form of a ship’s anchor was discussed in 1796 by F. H. 
Chapman, vice-admiral in the Swedish Marine. He found that the best form 
for each of the barbed arms would be an arc of a logarithmic spiral cutting the 
shank of the anchor at an angle of 67° 30’. 

The ficst definite suggestion connecting the logarithmic spiral with organic 
spirals seems to have been made by Sir John Leslie in his Geometrical Analysis 
and Geometry of Curve Lines.’ After proving that the involutes of a logarithmic 
spiral are logarithmic spirals he remarks: “'The figure thus produced by a succes- 
sion of coalescent arcs described from a series of interior centers exactly resembles 
the general form and the elegant septa of the Nautilus.” ® The aptness of this 
remark has been long since established. One of the earliest mathematical 
discussions of organic logarithmic spirals was by Canon Moseley, “On the Geo- 
metrical Forms of Turbinated and Discoid Shells” 7—a paper of 80 years ago 

1F, Klein-R. Fricke, Vorlesungen tiber die Theorie der elliptischen Modulfunctionen, Band I, 
Leipzig, Teubner, 1890, p. 168. 

2G. Holzmiiller, Hinfiihrung in die Theorie der isogonalen Verwandtschaften und der conformen 
Abbildung, Leipzig, Teubner, 1882, pp. 65, 238-241. 

8 Mathematische Annalen, Band 4, 1871, p. 77. Cf. Encyklopddie der mathematischen Wissen- 
schaften, Band III;, Leipzig, 1903, pp. 210, 212; also Clebsch-Lindemann, Vorlesungen wiber 
Geometrie, Band I, Leipzig, Teubner, 1876, p. 995. 

4 “Om ritta Formen pa Skepps-Ankrar,” Svensk. Vetensk. Academ. nya Handl., 1796, Vol. 17, 
pp. 1-24. Abridged and translated in Annalen der Physik (Gilbert), Band 6, Halle, 1800: “Von 
der richtigen Form der Schiffsanker,”’ pp. 81-95. 

5 Edinburgh, 1821, p. 438. 

¢ For pictures of the nautilus pompilius see pp. 494, 581, 582 of Thompson’s book and also 
T. A. Cook, The Curves of Life, London, Constable, 1914, pp. 57, 457. This latter work contains 
many beautiful illustrations and logarithmic spiral forms are specially discussed on pages 60-63, 
413-421; another work by the same author, Spirals in Nature and Art, London, Murray, 1903, 
has some good illustrations. 

¥ Philosophical Transactions of the Royal Society, London, 1838, Vol. 128, pp. 351-370. 
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which is one of the classics of natural history. In “turbinate” shells we are no 
longer dealing with a plane spiral as in the nautilus but with a gauche spiral on a 
right circular cone cutting the generators at a constant angle and such that 
along a generator the line-segments between successive whorls form a geometric 
progression. For mathematical and other details of Moseley’s work as well as 
of that of many others, on univalve and bivalve shells, Thompson’s book, with its 
many exact references to the literature of the subject, should be consulted. 
One notable work which Thompson appears to have overlooked is Haton de la 
Goupilliére, “Surfaces Nautiloides.”’ ? 

In the field of leaf arrangement or phyllotaxis discussion of the theories of 
A. H. Church? and Cook evolved from observations of arrangements in logarithmic 
spirals of florets of sunflowers, pine cones, and other growths, should be read in 
connection with Thompson’s criticisms. The fine sunflower photograph by H. 
Brocard‘ ought to be compared with those by Church. 


NOTES AND NEWS. 
Epitep sy D. A. Rorsrock, Indiana University, Bloomington, Indiana. 


’ Assistant Professor H. M. SHowMaN, of Colorado School of Mines, has been 
promoted to a professorship of mechanics and engineering. 


Assistant Professor S. T. SanpERs has been made head of the department of 
mathematics at Louisiana State University, and Dr. I. C. NicHots has been 
appointed associate professor of mathematics. 


Assistant Professor L. P. StceLorr, of the department of mathematics of 
Columbia University, has entered the Y. M. C. A. service, and will shortly 
embark for France. 


Professor J. L. Cooter, of Harvard University, has received a commission 
as major in the Ordnance Department of the National Army and is in active 
service. Dr. L. R. Forp, instructor in actuarial mathematics, has also entered 
the military service. 


1 As early as 1701 Guido Grandi showed that the orthogonal projection of this spiral on a plane 
perpendicular to the axis of the cone is a logarithmic spiral. The gauche spiral has been studied 
by Th. Olivier (who called it the conical logarithmic spiral), Developpements de géométrie descriptive, 
1843, pp. 56-76; by P. Serret, Théorie nouvelle géométrique et mécanique des lignes & double courbure, 
1860, p. 101; etc. A number of results are collected by Gomes Teixiera, /. c., pp. 396-400. 

For other surfaces involving the logarithmic spirals reference should be given to the very 
interesting pages 232-313 of G. Holzmiiller, Elemente der Stereometrie, Dritter Teil, Leipzig, 
Géschen, 1902, on logarithmic spiral tubular surfaces and their inverses. 

2 This occupies almost the whole of the third volume of Annaes scientificos da academia 
polytechnica do Porto, Coimbra, 1908. Cf. L’Intermédiaire des mathématiciens, 1900, tome 7, 
p. 40; tome 8, pp. 167, 314; tome 17, p. 155. 

3A. H. Church, On the Relation of Phyllotaxis to Mechanical Law, London, Williams and 
Norgate, 1904. 

“4 In L’Intermédiaire des mathématiciens, 1909, and in H. A. Naber, Das Theorem des Pythagoras, 
Haarlem, Visser, 1908, opposite p. 80. 
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Mr. R. A. Harris, for twenty-eight years mathematician to the Coast and 
Geodetic Survey, died on January 17, 1918, at the age of fifty-four years. 


The Rev. A. T. G. Appz, for the past eleven years professor of mathematics 
and astronomy in Franklin and Marshall College, died on February 5, at the 
age of fifty-eight years. 


Dr. Curist1AN Hornung, for many years professor of mathematics at Heidel- 
berg University, Tiffin, Ohio, and a charter member of the Association, died on 
January 31, 1918, aged seventy-three years. Following Professor Hornung’s 
death, Mr. H. L. OLson was appointed instructor in mathematics. 


During the absence of Director R. H. CurrrenpeEn, of the Sheffield Scientific 
School, who has gone to Europe on an important Government Commission, 
Professor P. F. Smrru, of the department of mathematics, will be acting director. 


The Colorado College Publications, issued in November, 1917, contains a 
valuable historical paper on “Newton’s solution of numerical equations by 
means of slide rules,” by Professor F. Casonrt, former president of the Association. 


University oF Ituinors. Summer Session, June 18 to August 9.—By Pro- 
fessor SisaM: Differential geometry, Solid analytic geometry.—By Professor 
Suaw: Vector methods, Differential equations—By Dr. Kempner: Advanced 
algebra. The usual elementary courses are also offered. 


InDIANA UNIverRsITy. Summer Session, June 18 to August 9.—By Professor 
Davisson: Non-Euclidean geometry, Mathematical theory of investment.—By 
Professor Rorurock: Advanced integral calculus, Analytical and spherical 
trigonometry.—By Professor Hanna: Differential equations, Calculus. The 
usual elementary courses in college algebra, trigonometry and analytic geometry 
will also be offered. 


At the Summer Session of the University of Colorado work in mathematics 
will be offered by Professor G. H. Licut, Professor B. F. FInKEt, of Drury College, 
and Professor A. Conen, of Johns Hopkins University. Courses are offered in 
the elementary mathematics, teachers’ course, calculus, differential equations, 
least squares, Fourier series, projective geometry, differential geometry, Galois’ 
theory of equations, and definite integrals. 


University oF Wisconsin. Summer Session.—By Professor E. B. Van 
Vueck: Linear substitutions, Survey of elementary mathematics, and Analytical 
geometry.—By Professor E. B. Skinner: Theory of surfaces and twisted curves 
(3 hrs.), The teaching of secondary mathematics (5 hrs.), and Algebra.—By 
Professor H. W. Marcu: Theory of probabilities (3 hrs.), Mechanics (5 hrs.), 
Calculus (5 hrs.).—By Dr. T. M. Smupson: Equations of third and higher degrees 
(3 hrs.), Integral calculus (12 hrs.).—By Mr. Moore: Differential equations 
(5 hrs.), Trigonometry, and Solid geometry. 

Tue University or Cuicaco. Summer Quarter, June 17—August 31, 1918. 
—By Professor E. H. Moore: Differential equations in general analysis (first 
half), four hours, College algebra (first half), five hours.—By Professor G. A. 
Buss: Calculus of variations, four hours, Higher plane curves, four hours.— 
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By Professor L. E. Dickson: Solution of numerical equations (first half), four 
hours, Determinants and symmetric functions (second half), four hours, Alge- 
braic invariants, four hours.—By Professor H. E. Stauecur: Definite integrals, 
four hours, Integral calculus, four hours.—By Professor A. C. Lunn: Units and 
dimensions, four hours, Electromagnetic theory, four hours.—By Professor 
J. W. A. Youna: Topics in geometry, four hours, Plane analytic geometry, 
five hours.—By Professor R. G. D. Ricnarpson (Brown University): Theory of 
functions of a complex variable, four hours, Differential calculus, five hours.— 
By Professor W. H. Rorver (Washington University, St. Louis): Descriptive 
geometry, five hours, Plane trigonometry, five hours.—By Professor G. W. 
Myers: The teaching of secondary mathematics, School of Education, five 
hours. 


At the meeting of the North Carolina Association of Teachers of Secondary 
Mathematics, held at Greensboro, February 1 and 2, addresses were made by 
Professor D. E. Situ, of Columbia University, on “The origin of mathematics,” 
on “Deficiencies in present preparatory mathematics,” and a round-table dis- 
cussion on “A proper approach to elementary mathematics.” Papers were also 
presented by Miss Fannte 8S. Mitcue tt, of the Raleigh High School, by Miss 
VirGINIA RaGsDALE#, of Normal College, by Miss ELLA BRADLEY, of the Gastonia 
High School, and by Mr. J. W. Lastry, of the University of North Carolina. 


The annual Register of the Officers and Members of the American Mathe- 
matical Society appeared in January, showing the total membership of the 
Society to be 735, exactly the membership on January 1, 1917. During the year 
1917, there were 29 persons admitted to membership, and also 29 withdrawals. 
Twenty-five members of the Society are reported as being in some form of 
government service connected with the war. The membership extends to every 
state of the Union except Delaware, Louisiana and South Carolina. There are 
57 foreign members, of whom 46 reside in the British Empire. 


Professor C. N. Moors, University of Cincinnati, has been appointed a 
member of the National Committee on Mathematical Requirements in place of 
Professor O. VEBLEN, who has resigned on account of his duties in connection 
with government service. 


The Mathematics Club of Chicago is a body of men who are teachers in the 
high schools of Chicago and neighboring towns, including also some teachers 
from Lewis Institute, Armour Institute, and the University of Chicago. They 
meet on the second Friday evening of each month for dinner at the City Club 
and spend the evening in discussions led by some chosen speaker. The Club has 
recently been addressed by Professors E. J. Wiiczynsxi and H. E. Siaveur. 
The April meeting will be addressed by Principal W. B. Owen, of the Chicago 
Normal College, who is chairman of the committee of the National Education 
Association that is charged with reviewing the reports of the various depart- 
mental committees working under the Commission on the Reorganization of 
the High School Curriculum. 
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The departments of Chemistry, Physics and Mathematics of the University 
of Chicago are uniting through their representatives to give some special courses 
in preparation for war service. Professor A. C. Lunn is the representative of 
the department of mathematics in this work. Professor F. R. Movtron will 
also give during the Spring Quarter a special course of this kind. Professor 
Moulton is spending a part of the Winter Quarter in advisory service at Fort Sill, 
Texas. 


' The Mathematical Association of Great Britain held its annual meeting at the 
London Day Training College on January 9 and 10,1918. Papers were presented 
by Dr. W. P. Mite, on “Graphical treatment of power series”; by Mr. G. 
GoopwiLL, on “Suggestions for presenting mathematics in closer touch with 
reality’; and the presidential address by Professor P. T. NuNN, on “ Mathematics 
and individuality.” The meeting was closed by a general discussion on the posi- 
tion of mathematics in the proposed new course of study for secondary schools. 
The Mathematical Gazette, edited by Professor’ W. G. GREENSTREET, is the 
official organ of the Association; it appears six times a year from the publishing 
house of G. Bell & Sons, London. A number of valuable reports have been 
issued by the Association during the past ten years; these are enumerated below, 
with the price of each as announced by the publishers: (1) Reports on the teaching 
of elementary mathematics (geometry, arithmetic and algebra, mechanics, ad- 
vanced school mathematics, entrance scholarship mathematics, mathematics in 
preparatory schools) (6d. net); (2) Report on the teaching of elementary 
algebra and numerical trigonometry (3d. net); (3) Report on the teaching of 
mathematics in preparatory schools (3d. net); (4) Report on the correlation 
of mathematical and science teaching (6d. net); (5) A general mathematical 
syllabus for non-specialists in the public schools (2d. net); and (6) Elementary 
mathematics in girls’ schools (1s. net). 


The Council of the Mathematical Association of America has elected the fol- 
lowing to membership, on applications duly certified: 


To individual membership. 


Rev. Peter Archer, S.J. Director, Georgetown Coll. Observ. and Prof. of Math., 
Georgetown Univ., Washington, D. C. 

Sir George Greenhill, M.A. Formerly Prof. of Math., Artillery Coll., Wool- 
wich, Eng. 1 Staple Inn, London, W. C., Eng. 

Y. L. Hsia, Ph.D. (Berlin). Director, Science Dept., Government Univ., Peking, 
China. 

Carroll Johnson Ramage, Ph.D. (Grove City Coll.). Lawyer, Saluda, S. C. 

Clarence Cornelius Van Nuys, A.M. (Columbia), E.M. (S.D. School of Mines). 
Prof. of Physics, Col. School of Mines, Golden, Col. 

Gilbert F. Winslow, Jr., B.S. in Min. Engg. (Ore. Agric. Coll.). Computer, 
Coast and Geodetic Survey, Washington, D. C. 


To institutional membership. 


Georgetown Univ., Washington, D. C. 
Knox Coll., Galesburg, IIl. 
Denison Univ., Granville, Ohio. W. D. Carrns, Secy.-Treas. 
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THE SUMMER QUARTER 
OF THE UNIVERSITY OF CHICAGO 


Affords opportunity for instruction on the same 

basis as during the other quarters of the academic 

year. 
The undergraduate colleges, the graduate schools, and 
the professional schools provide courses in Arts, Litera- 
ture, Science, Commerce and Administration, Law, 
Medicine, Education, and Divinity. Instruction is given 
by regular members of the University staff which is aug- 
mented in the summer by appointment of professors and 
instructors from other institutions. 
SPECIAL WAR COURSES: Military Science, Food 
Conservation, Spoken French, etc.; 
SUMMER QUARTER 1018: ist Term June 17—July 
24, 2d Term July 25—August 30. 

Detailed announcement will be sent upon application 
to the 

DEAN OF THE FACULTIES 


THE UNIVERSITY OF CHICAGO 
CHICAGO, ILLINOIS 


UNIVERSITY OF WISCONSIN 
SUMMER SESSION, 1918 June 24 to August 2 


230 Courses. 140 Instructors. Graduate and undergraduate work leading to the 
bachelor’s and higher degrees. Letters and Science, Medicine, Engineering and 
Agriculture (including Home Economics). 

Special War-time Courses, both informational and for practical training. 

Teachers’ Courses in high-school subjects. Strong programs in all academic de- 
partments. Vocational training. Exceptional research facilities. 

Favorable Climate. Lakeside Advantages. 

One fee for all courses, $15. For detailed announcements, address 


REGISTRAR, UNIVERSITY, Madison, Wisconsin 


Published February 1918 


ANALYTIC GEOMETRY 


By EDWIN Ss. CRAWLEY and HENRY B. EVANS 
Professors of Mathematics in the University of Penns ylvania 
Size: xiv-+239 pages, 714 x 4% inches. Price $1.60. 

Chapters I to X (190 pages) give a full college course in planeanalytic geometry. Chap- 
ter XI (14 pages) on empirical equations will be of particular interest to students of engi- 
neering and other applied sciences. Chapter XII, the concluding chapter, is devoted to 
the extension of coordinate geometry to some space problems. 

Orders and applications for sample copies for examination with a view to introduction 
should be addressed to 

E. S. CRAWLEY, University of Pennsylvania, Philadelphia 
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ORIGIN OF THE NAME “MATHEMATICAL INDUCTION.” 
By FLORIAN CAJORI, Colorado College. 


The process of reasoning .called “mathematical induction” has had several 
independent origins. It has been traced back to the Swiss Jakob (James) 
Bernoulli, the Frenchmen B. Pascal? and P. Fermat,? and the Italian F. 
Maurolycus.t The process of Fermat differs somewhat from the ordinary 
mathematical induction; in it there is a descending order of progression, leaping 
irregularly over perhaps several integers from n to n — m, n — ni — M, ete. 
Such a process was used still earlier by J. Campanus in his proof of the irration- 
ality of the golden section, which he published in his edition of Euclid, 1260. By 
reading a little bit between the lines one can find traces of mathematical induction 
still earlier, in the writings of the Hindus and the Greeks, as, for instance, in the 
“cyclic method” of Bhaskara, and in Euclid’s proof® that the number of primes 
is infinite. 


1 Jacobi Bernoulli, Basileensis, Opera, Tomus I, Geneve, MDCCXLIV, p. 282, reprinted 
from Acta eruditorum, Lips., 1686, p. 360. See also Jakob Bernoulli’s Ars conjectandi, 1713, 
p. 95; or a German translation by Haussner in Ostwald’s Klassiker, No. 107, p. 96. 

2 Huvres completes de Blaise Pascal, Vol. 3, Paris, 1866, p. 248. See also M. Cantor, Vorle- 
sungen tiber Geschichte der Mathematik, 2 Aufl., 1900, pp. 749, 756, 757; H. G. Zeuthen, Geschichte 
der Mathematik im XVI. und XVII. Jahrhundert, deutsch von R. Meyer, Leipzig, 1903, pp. 168, 
172; W. H. Bussey, in AM. Maru. Monruty, Vol. 24, 1917, pp. 203-215. 

3 Charles S. Peirce in the Century Dictionary, Art. “Induction,” and in the Monist, Vol. 2, 
1892, pp. 539, 545; see also F. Cajori in Bulletin Am. Math. Soc., Vol. 15, 1909, pp. 407, 408. 
Peirce called mathematical induction the ‘‘Fermatian inference.” 

4G. Vacca, Bulletin Am. Math. Soc., Vol. 16, 1909, pp. 70-73; M. Cantor in Zeitschr. f. Math. 
u. Naturwiss. Unterricht, Vol. 33, 1902, p. 536; W. H. Bussey, AM. Maru. Monta ty, Vol. 24, pp. 
200-203. 

~ 5 Hlements, Bk. 9, Prop. 20. 
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